SOVIET PHYSICS JETP

VOLUME 2, NUMBER 1

JANUARY, 1956

Tensors Which are Characterized by Two Real Spinors

G. A. ZAITSEV
(Submitted to JETP editor April 3, 1954)
J. Exper. Theoret. Phys. USSR 29, 166-175 ( August, 1955)

Formulas are obtained which enable one simply to determine a real spinor in terms of the
primary tensor characterizing it. With the aid of these formulas we establish the relation be-
tween two spinors, corresponding to two given triples E, H, j. Tensors whose components
are expressed in terms of two real spinors are investigated. Two types of spinor transforma-
tions are introduced, corresponding to different possible interpretations of the gauge trans-
formation. The significance of the spinor transformations is established; it is shown that if
we regard the group of tensors as initially defined, then we can with their aid find 'two real
spinors to within a spinor transformation of one of the types studied. The components of the
initial tensors can be expressed in terms of the spinors, in which case they will not change
when the corresponding spinor transformation is carried out.

N references 1 and 2 we studied some of the
I properties of real spinors --- systems of para-
meters defined by a four-dimensional antisymmetric
tensor for which both invariants are equal to zero.
In references 1, 3 and 4, the question of the use of
real spinors in certain physical problems was con-
sidered. For further development of the ideas
introduced in these papers it i s necessary to in-
vestigate the more general case of tensors char-
acterized by a pair of real spinors. The solution
of this problem is the purpose of the present work.
The notation used in the paper corresponds to that
of the articles mentioned; we shall also make
continual use of the properties of matrix-tensors
considered in reference 4.

1. FUNDAMENTAL FORMULAS

A single real spinor ¢/ determines the matrix-
tensors

F =% R.RyF** = RH + RiE, 6

P=Ryj* = j + oRy;
where ( cf references 2, 3 and 5):
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E=FER, H=HR, (2)
?=E*=H?, j=-—(1/0)REH;
Ei=—49JR'Y, H,=yR'y, )

ji: ‘P'RA]Ri‘P, P=‘?"P-

Since E and H are primary quantities, while ¢ is a
derived quantity, it is necessary to find a suf-
ficiently simple method enabling one to find the
components of the associated real spinor ¢ if the
E and H are given.

Suppose that for some matrix, such that d
=d,R", d? =p2, the relation

dy = pd. (4)
is satisfied.

Multiplying Eq. (4) on the left by ¥/, - 4"/,
¥’R,, and using Eq. (3), we get

(Hd)=¢*(Ed)=(jd)=0, (5)

so that, since E, H and j are mutually orthogonal
and have equal length, we have d = H. We thus
find:
= pd
Hb =p9. (6)

It is not difficult to see that if the components
H; are related to ¢ by formulas of the type of Eq.

(3), then formula (6) will be valid.
In precisely the same way we get

—JE$ = p. @

Using the fact that EH = pR j and multiplying both
sides of (6) from the left by - /E, we have as a

consequence
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— R b =Rajb=py. @)

If E and H are given, the corresponding real spinor
¥ can be found from Egs. (6) and (7). (It is
understood that the three-dimensional “vectors”’
E and H must have equal length and be orthogonal.
Otherwise, these equations will be incompatible.)

Formulas (6), (7) and (8), which we shall call
the fundamental formulas for a single real spinor,
will be very important for what follows.

We observe that it follows from Eq. (8) that

and from Egs. (6) and (7) that F ¢y =0, where the
last relation is obtained from Eq. (9) if we multi-
ply both sides from the left by the matrix
-(1/p)E. Also, if the relation D¢ =0 holds for
any matrix four-vector D, then the matrix D is
proportional to P.

On the basis of formulas (6)-(8), we consider
the question of the relation of two real spinors
defined by two different antisymmetric tensors of
the second rank having invariants equal to zero.

In doing this we shall assume that the position of
one triple, E, H, j, relative to the other triple
characterizing the second tensor, is known; i.e.,
we assume, for example, that we know the Euler
angles characterizing the rotation of the one triple
relative to the other, and also the ratio P2y P(1)
of the lengths of the vectors. When we deal with
several real spinors,we shall distinguish them by an
additional index in parentheses, e.g., ¥ (1) ¥y
etc. We shall also give the index in parentheses
for the corresponding vectors E, H, j. In our case
we can use the designations 1 and 2.

The real spinor ¥/, can be obtained from l/l(l)
by rotation or reflection of tle four-dimensional
space and subsequent multiplication by some real
number. We shall make use of the fact that the
matrix of an arbitrary rotation or reflection can be
written in the form of a product of matrices which
are linear combinations of the R*(cf reference 2).
Since each of the three spatial basis vectors can
be represented as a linear combination of the three
linearly independent spatial vectors E, H, j,
(strictly speaking, E and H do not behave like the
spatial parts of vectors under a general Lorentz
transformation, but this does not matter for the
present case ), the matrices R’ can be expressed as
linear combinations of the matrices E, H, j, cor-
responding to an arbitrary real spinor . Using
formulas (6) - (8) we find that under a four-dimen-
sional symmetry transformation, and consequently,
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also under an arbitrary rotation and reflection, a
real spinor ¢ will be multiplied by matrices of the
type

K=Fky+ kiR, + kR + ks/. (10)

In this way we can establish that 1/1(2) is related
to ¥,y by the formula

bee) = Kb, (11

where the matrix K can be written in the form of
Eq. (10).

Let us study in more detail the question of the
form of the parameters k. First of all, we note
that matrices of the type of Eq. (10) are isomorphic
to quaternions; to the matrices R4, R, J, there cor-
In particular,

(12)

respond the quaternion units i, j, k.
KK=k+k+rR+rR=x

can be regarded as the norm of the quaternion, so
that it follows from Eq. (11) that

P@ = ). (13)

Using formulas (3), (10) and (11), we express
E(;) H(y) and j(g)in terms ofE(l), H,(l)' iy
and the parameters k.. After simple calculations
we obtain

E@ = (ki + ki — k3 — k) Ey

+ (_‘ 2k4k3 + 2k1k2) H(1)
+ (2/34/32 + 2k1ks)j(1),

H(g) = (2k4k3 + lekg) E(l)

(14)

(15)

+(R— K+ k2 — k3) Ho)
o (— 2kohy + 2koks) iy,

Joy = (—2kyky - 2k k3) E ) (16)

+ (2kqky + 2k2ks) Hay
+ (kK3 — K — K3 + k3.

From Eqgs. (14)-(16) it is evident that the £,
coincide with the well-known Rodrigues parameters,
relating one triple of mutually arthogonal vectors
of equal length with a second triple ( cf, for ex-
ample, reference 6, pp. 183-184, where k4, ki, k,

6
W. D. MacMillan, Dynamics of Rigid Bodies, McGraw-
Hill, 1936
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and k, are denoted by the symbols p, A, pand v)*.
From them we obtain the connection of the para-
meters k_ to the Euler angles characterizing the
rotation of the triple E,), H,), j, relative to

Eqy By )

k, = —1cos —12—8 cos %("‘.’ +9), un

1 1
ky=rtsing 9 cosg (b —o),

1 4
ky = =sin 5 ¥sing5 (0 —9),

ks = Tcosé—%sin%@ + o).

The Euler angles are chosen so that the angle be-
tween the vectors J(g) i(1) corresponds to the angle
between the z axes of the coordinate systems con-
sidered in the kinematics of rigidbodies, the
angle between E ;) and E,, corresponds to the
angle between the x axes, and the angle between
H(y) and I,y to the angle between the y axes.

Formulas (17) enable us to understand the mean-
ing of the parameters k.. Here we should note
that, for given Py Fyyand P, F (4 the
matrix K is determined only to within a sign, as
follows from the properties of real spinors (which
are determined only to within a common sign).
However, another approach to this problem is pos-
sible, if we start from other primary tensors, to
which we shall retum later.

2. TENSORS EXPRESSED IN TERMS OF TWO REAL
SPINORS

Let us turn to the important question of the
various tensors whose components are expressible
in terms of the components of two real spinors.
Here we shall use the representation of a tensor
in matrix form.

First of all ,we can form various matrix four-
vectors and matrix antisymmetric tensors of the
second rank by taking linear combinations of the
matrices P(l), P(z) and F(l), F(z)' In particular,
we set

Py = Py + Py, (18)

Fi4y = Fuy + F. 19

In addition, we can obtain, from two real spinors,
tensors formed in another way. From the law of

* In reference 6 there is a typographical error in the
equation for 72 Ba; there should be a plus sign on the

right instead of a minus sign.
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transformation of real spinors, considered in refer-
ence 2, it follows that

Q; = YR $a)

is invariant, not changing its form under any rota-
tions or reflections of four-dimensional space.
(For example, under the synmetry,u'ansfomlation 4,4 %
=41, Q, goesoverinto + Y5y 4/ R4 ¥ =Q,,
etc.) We observe that the ambiguity of sign of the
matrix K can be eliminated by requiring, say, that
the invariant {}, have a definite sign.

(20)

We also introduce the matrix-pseudoscalar

S= Qz J, Qz = ‘PEz)Ra;q’(l): (21)

whereupon it is easy to see that {}, is a pseudo-
invariant, changing sign under reflections of the
four-dimensional space and remaining unchanged
under four-dimensional rotations. Using formulas
(10), (17) and (13), we can write the following
expressions for Q, and Q.

1 |
‘Ql = kzp(]_) == Tp(1) S1N 3 ¥ sin 7 (d‘) — (?) (22)

— 4.1
=V pwpw sin 5 $sin 3 (b —¢),

| 23
Q, = kypy = () Sin 5 & cos%— (b —o) (23)

— 1
=V pmpe sin s COS% (b —9).

From the law of transformation of real spinors,
it further follows that we can also introduce a

four-dimensional vector, a pseudovector and an
antisymmetric tensor, defined according to the
formulas:

7* = d@R.R* 4,
n* = ¢uR R Yq),
D°f = — YuR*R%V,
® = RB+RD, B = i R'oq),
D; = — YR bq).

Q = g*Ra = q + ¢*R,, (24)
N =Jn*R, = Jn + n*R,(25)

(26)

Using (10), we can express all these quantities
in terms of k,, P(;) and the components of Ey
H(;)and i(1)- Thus, for example,

q=— kz E(1) + k1 I71(1) + k4j(1), ‘]4 = k4P(1), (27)
n=~kEqy+kHy+kju, n*="kpu, (28)

B =FksEq) 4 ke Huy — &y jo), (29)
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D = k4Eq) — k3 Hyy 4 koju).

This in tum enables us easily to find the relations
between different tensors, to which we shall re-
turn later.

If we make use of the operation of differentiation,
then we can obtain, from two real spinors, another
whole set of four-dimensional tensors. For ex-
W)
dx"
ponents of a four-dimensional vector, etc.

We see that we can, from two real spinors l/l(l)

ample, the quantities Ry, are com-

and ¢ ,), obtain a large number of different tensors.
In establishing relations between them and in
studying their properties, it is expedient to look
at groups of tensors which are related through some
common property. As such properties we consider
two types of transformations of real spinors, and
shall distinguish the set of tensors whose com-
ponents remain invariant with respect to one of
these transformations.

A spinor transformation of the first type is one
for which simultaneously ¥ (1) changes to

[exp (Jf)] ¥,y and Yayto [exp (- 7] gy
where fis an arbitrary pseudo-invariant function.
It corresponds to a gauge transformation in the form
introduced in reference 5 in considering systems_of
relativistically invariant differential equations of
first order for two real spinors. ‘It is not difficult
to see that under such a transformation, £, 2,
and the components of P(1y P (4)and @ remain un-
changed. There are no other tensors which are
expressed linearly in terms of two real spinors
(and do not contain their derivatives with respect
to x%).

We say that a spinor transformation is of the
second type if it changes l/I(l) to cos fi(,

+sin f ¢(g) and Y(y) to cos f ) — sin f iy,

where f is an arbitrary invariant function. Under
transformations of the second type, Ql' Q, and the

components of the matrix-vector P(,), the matrix-
pseudovector N and the matrix-tensor of second
rank F(,) do not change. The transformation we are
considering will be shown in a later paper to cor-
respond to the gauge transformation of the wave
function which appears in the Dirac equation for
the electron. In studying quantities which are
invariant with respect to this transformation, it is
convenient to use the notation:

Py = Oy + ey Vi = Yo — i@ GO
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Then
Q= ;- R, Q=3 bR, B
Fif = — 0hRR* Ry 4, (32)
Pty = joy + Jiy = 4’('+>R41?“4’<+)’ (33)
* = é— YRR Y. (34)

Of course, the imaginary unit ¢ is introduced only
for convenience of notation, and need not be used.

3. PROPERTIES OF TENSORS WHICH ARE INVARIANT
WITH RESPECT TO SPINOR TRANSFORMATIONS OF
THE FIRST TYPE

We first consider the question of the properties
of the quantities Q,, S = 92 J, P(l)’ P(z)’ @, which

do not change under spinor transformations of the

first type.
From Eq. (29) we have
Bz —Dz=Q} —Qf (35)

i.e.,

=0 — 0 — 20,0,/

(BD) = — Q,Q,,

(36)
= (Ql - sz)2 = (Qx - S)Z-

As for the matrices P(l)

and p( , their squares are
2)
obviously equal to zero,

P(%) = P(zg) =0. 37

We calculate the products of these matrix-vectors.
According to reference 4,

PP = (Jw i) — eyl (38)

+ Rljm @] + Ri(ow) i — @ iw)-

Furthermore, in accordance with Egs. (13), (16)
and (29),

(Gmie) —ewpe = — 2(Q1 + Q3), (39)
wie] =—2Q,B— 2Q,D, (40)
e e —P@ i = —2Q, D + 2Q, B, 41)

so that
PyPey = —2(Q+ Q) —2(Q, + Q) D, (42)
PgPyuy=—2(Q + Q) +2(Q, + Q) 0. (43)

In addition, we get from Eqgs. (26) and (16)
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[BD] = — ;—(Pu)j(z) + o i) (44)
so that
pw i@ =—Q, D+ Q; B—[BD], (45)
P i =, D —Q, B —[BD].

Thus, assignment of ®, Q, and {1, determines the
directions of the vectors j ;) and j,), but not their
lengths p(;, and p(,, (since the components of ®
do not change under simultaneous multiplication
of Y1) by some number and division of ¢(2) by that
same number, etc.). On the other hand, according
to Eqgs. (42) and (43), the matrix-tensor @ is
uniquely determined by giving Py, P (,), {; and
Q,, so long as Q, and (, are not simultaneously
equal to zero.

Multiplying both sides of Eqs. (42) and (43) on
the left and on the right by the matrices P;,and
P(z)’ we obtain

Py = (Q, — Q,J) Py, (46)
OPy = —(Q, —‘_sz) P,
P(l)(l) = — P(l) (Ql - Q2J),

Pg® = Py (Q, —Q,)J).

Now let us settle the question of the effect on
‘/’(1) and i, of various matrix-tensors which are
invariant with respect to spinor transformations of

the first type. From Egs. (26) and (29) it follows
that

(I)q)(]) = (R B+ R4 D) LI?(1) = (Ql - sz) ‘?(1)- (47

Similarly, we get
Pha) = — (@ — Qo)) gy, (48)
whose validity can be established by interchanging

Y1)« and ¥, . in Eq..(47).
Furthermore, we find from Egs. (10) and (16)

= —2J (2, + Q) bga).
Finally, interchanging (3« and ¥, in Eq.
(49), we will have
Paybe) = —2(Q; — QJ) b (50)

= QJ(Ql + sz) ba).

It is easy to see that the relations (47) - (50) are

G.A.ZAITSEV

not changed by a spinor transformation of the first
type.

Up to now we have started from the two spinors
l/l(l) and 1/1(2) and have found, with their aid,
tensors which are invariant under spinor transforma-
tions of the first type. A completely different
approach is possible here. We could consider that
the primary quantities are P;), P ,, Q, and @,
connected by the relations given above [cf Eqs.
(35)-(46) I*. We define the real spinors Y1y
and ¢, as columns of four numbers which are
found from Egs. (49) and (50). Then, after multi-
plying both sides of Eqs. (49) and (50) on the left
by P}y and P(,, we get Egs. (47) and (48).

We show that if we determine ¥, and 1/1(2) in
accordance with Egs. (49) and (50), then by a
suitable choice of the common factor in ¢, and
l/l(z), we shall have

Jo = Py = dyRR V), (51)

iy = b@RR V), @ = YR,
Q= PpRibu, O = — VRR*R* (.

For the proof of this important theorem, we find
any solution of Eqgs. (49) and (50). From these
"b(l) and (,), we can, by using formulas like (51),
find associated quantities which are unchanged by
transformations of the first type, and which we

ﬁl, etc. [Formulas (35)- (46)

also epable us to_write similar relations for P(l ,
p(2), Q,, Q, and ) Multiplying Eq. (50) on the

left by l/f(z)R we get Ql/Ql = Q2/?12 =C. We

shall choose the common factor in 1/1(1) and 1/1(2),

so that C =1. Then from Egs. (49) and (50) and
the corresponding equations obtained by replacing
P yand P, by P ;) and P, we have

(Pey — P) bw =0, (Pwy— Pw)b@ =0.

designate as jJ) .

Frothe first eq_’atxon it follows that P 2) P,

=C’P, 1) Since P(l)—O P(z)—O C’=0,and P (2)—%)2)
Similarly, we venfy that P P(l)’ from which
we finally get ¢ = <1) smce CD is expressed in
terms of P'l)' }()2)' Q, and Q,. Thus our assertion
is completely demonstrated.

* In this case, as pointed out above, ® is determined
by the assignment of other quantities.
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As for the law of transformation of 1,0(1) and ¢(2),

which are defined according to Egs. (49) and (50),
or equivalently from Eq. (51), in order to preserve
the tensor character of the initial quantities it is
necessary to suppose that ¥,, and {,, trans-
form like real spinors, defined according to refer-
ence 2, but only to within a transformation of the
first type (which is unimportant, since it does not
change the fundamental initial quantities). We
arrive at the conclusion that if in any problem we
have to deal with a pair of real spinors, and if all
the fundamental formulas and physically meaningful
quantities are unchanged by spinor transformations
of the first type, then we may regard the quanti-
ties P}y, P(5y, 1y, 2, ® as the initial quantities
in the problem, and the real spinors will be para-
meters determined by assigning the initial quanti-
ties.

In reference 5 we saw that under a spinor trans-
formation of the first type, the components of the
vector potential are changed to A —(#c/e)
xdf/ x> If we make use of the components
A, which change under a spinor transformation of
the first type in this fashion, then we can con-
struct another sequence of tensors containing
products of x* and 4 , whose components are not
changed by such transformations. It is easy to
verify that the following quantities are unchanged
by such a transformation :

e, — q’(z) (52)

o®y

4/(2

= by R4 — i Q,A,, (53)

oY
TH = ‘Pa)RRa (” + — ‘Pu)R ‘RabwyAe,  (54)

(55)

(2) e ’
Tep= LP(z)RRa = io bR RabnAs.
Here e_ and m, are the components of a vector and

a pseudovector T(IA and T'%) < are the components

of pseudotensors of the second rank. They are
connected to the other quantities considered in
this section and to one another by certain rela-
tions. Thus, from Eqs. (52) and (53) we get

oY
lea + szu = qu)(l)R (2) (56)

-t 19(Q2+ Q)
+ QI R—D = — L2
ox o0x*
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'

0y o)
—Q Fyr Ry —Q, Fye Ryb
10(Q2+Q)) 4,9
=T 0% wr RIPyb (s
1 0dy, 1 0(2+ Q)
W nrp = — _ a7
—7 o R/Pata i o

Furthermore, we have from Eqs. (54) and (55)
JoT& =0, (57)

from which, taking account of Eqs. {49) and (50)
we find (58)

0Q aQ
Uiy + ) (TR + T4 )_QQ Th 20,7

4. PROPERTIES OF TENSORS WHICH ARE INVA.RIANT
WITH RESPECT TO SPINOR TRANSFORMATIONS OF
THE SECOND TYPE

JjoT@ =0,

Just as in the previous section, we can also
consider the properties of quantities which are
invariant with respect to spinor transformations of
the second type. From Egs. (14) and (15) we ob-
tain ’

(Fu) + Fa)? = Fiy (59)
=4(Qy + QJ)2 = —4(Q, — QJ)2.

In addition, we obtain from Eq. (28) and Egs. (14)-
(16) by simple calculations,

AN =Py ——d @40, O

n(o +iw) — nle+ =0, (61)

M, jo + ol = [0, jn] = UE@ —QHe, (69
nji — el = — LE) — QHey, (0
[E(+), Hi)] = p(ic+) — 4n'n. 64)

Then, since
— INP(+y = (M) — mp(+)
+ R [n§(r)] + Ry (n*(+) — p+n),

we shall have

NP(+y = P+)N = — (Q; + Qu))F(+). (65)
Using Eq. (60) we get, from Eq. (655,
PyFiy =4(Q, + QJ) N, (66)

NF 4y = — (Q, + Q,J) P(+).
From Eq. (65) it follows that if we know Q. &,
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1&_) and N, we can find the matrix-tensor F(,). On
the other hand, the matrices P(+) and N are not

uniquely determined by the assignment of F ,, Q,;
and Q,. This follows from the fact that the rela-

tions (60), (61) and (65) remain the same if we re-
place P(,) and 2N by

P, = (cosa/}/ cos 2« ) P+,

— (sina/y/ cos 2« ) 2/ N,
2N, = (cos «/}/ cos 2« ) 2N
+ (sin &/} cos 20 ) JP(4).
Now we can proceed to the question of the effect
of applying these matrix-tensors, which are invari-
ant with respect to spinor transformations of the

second type, to real spinors. Starting from Eqs.
(10), (14), (15), (22) and (23), we get

Fiybay = 2(Q, —QyJ) bea). (67)

Similarly,

F(+)q)(2) = 2 (Ql - Q2‘]) ‘p(l)’ . (68)
Operating from the left on both sides of Eq. (67)
with the matrix P(,) and using Eq. (66), we get

P(+)'l|)(2) = 2N‘p(1). (69)
and, similarly, applying the matrix N on the left
and using Eq. (66) we find

Piybyy = — 2Nde). (70)
These same formulas could also have been ob-

tained from Eq. {(68). Formulas (67)-(70) are in-
variant with respect to spinor transformations of

the second type.

Just as in the previous section, we may con-
sider that the restriction to quantities invariant
with respect to spinor transformations of the
second type can be related to the fact that the
quantities Q;, Q ( )and N, and the matrix tensor
F(,) found from them, are regarded as primary. If
they are given, then the corresponding real spinors
Y1y and ¥,y will be determined to within a
spinor transformation of the second type, by Eqgs.
(69) and (70).

In conclusion, we note that if together with ¢(1)
and ., we consider the components of a vector
A_, which transform under a spinor transformation
of the second type into 4, H1/€)[df/ Ix*], then
the quantities

YR 2 4 90,4,

LI’(+)R4 aq,(+) + 2:Q,A,,
dl)(+)R4Ra + lSP(+>«Aa
and ‘P(+)RR«

which are the components of a vector, pseudo-
vector, second rank tensor, and second rank
pseudotensor, respectively, will not change under
such a transformation. Just as in the previous
section, we could establish relations connecting
them with one another and with other quantities,
but we shall not take this up here.

Translated by M. Hamermesh
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