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Making use of the properties of real spinors, additional terms are found which make the
equations for the electron used in non-relativistic quantum mechanics relativistically in-
variant. The second order differential equations found in this way, which connect the
components of one real spinor, are simpler than those which are obtained through Dirac’s
theory. The relativistically invariant equations introduced are solved for the hydrogen
atom in the absence of external fields. It turns out that in that case the usual fine struc-
ture formula is obtained, just as in the Dirac theory. It is shown that the considered
second order differential equations can be obtained from a system of relativistically in-
variant equations of first order which, however, no longer contain one, but two, real

spinors.

1. INTRODUCTION

descriptive interpretation of the ideas and
A concepts used in non-relativistic quantum
mechanics for study of the behavior of particles
with spin 1/2 was given in reference 1. The prob-
lem of finding relativistically invariant equations
for the electron must also be reexamined from this
point of view.

Currently, as is well known, Dirac’s system of
equations? is considered as the system of relativ-
istically invariant equations which characterize
the behavior of an electron in various external
fields (see also references 3-6 etc.). This choice
was based on the possibility of getting the ordi-
nary non-relativistic equations from them in a
special case and also on their ability to explain
more exactly the available experimental facts.
Most important of such facts is the existence of
fine structure in the spectrum of the hydrogen
atom, and its explanation by the use of Dirac’s
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equations is accordingly the chief argunient in
favor of the validity of the Dirac theory. It is ob-
vious that any relativistically invariant equations
for the electron which claim to replace Dirac’s
system of equations must also reduce to the equa-
tions of nonrelativistic quantum mechanics in a
special case and at the same time explain expe-
rimental facts not explained by the latter. Above
all, moreover, they must lead to a formula for the
fine structure experimentally confirmed.

Relativistically invariant equations for the elec-
tron, which satisfy the formulated requirements
and which at the same time are simpler than the
Dirac equations, will be obtained in the present
paper. During the derivation of these equations
we will make any hypotheses but will not be guided
only by the fact that the equations of non-relativ-
istic quantum mechanics for the electron inter-
preted with the aid of the graphical concepts
developed in reference 1 must be generalized in
such a way that they become relativistically inva-
riant, i.e., that they don’t change under arbitrary
transformations of the general Lorentz group. We
will need the mathematical apparatus developed in
references 7 and 8.

2. DERIVATION OF THE RELATIVISTICALLY
INVARIANT EQUATIONS TO REPLACE
DIRAC’S SYSTEM OF

EQUATIONS

As is known, the components of the momentum

operator and the energy operator which are used in
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non-relativistic quantum mechanics, from the point
of view of graphical representations of the states of
particles with spin 1/2, must be written in the
form:

pu=— N~
(see reference 1). Therefore, on going over to four-
dimensional pseudo-Euclidian space, we shall have
the following relations for a real spinor which is a
“proper’’ spinor of these operators:

)
2% = pat 2)
(x4==Ct, p4—_—_-—E/(:,oc=l,2,3,4).

The p, must transform as components of a four-
vector, since they are components of four-dimen-
sional momentum. Furthermore, we know the
transformation rule for a rela spinor i under
transformations of the Lorentz group.

Taking into account that, under arbitrary rotations
and reflections of four-dimensional space, both
sides of Eq. (2) must transform in like manner, we
can determine to which of the fourth order real
matrices considered in reference 7 the matrix / cor-
responds. It is easy to see that here there are only
two possibilities: The matrix / must compare with
J or ~J. Here, however, # must be considered not
as a scalar (as has usually been assumed) but as
a pseudoscalar, which changes sign upon four
dimensional reflections but remains invariant for
four-dimensional rotations. More exactly, this is
the sole component of the matrix-pseudoscalar
T, =%J, and one must regard the numerical value
of Planck’s constant as the absolute value of the
corresponding pseudoscalar.

The fact that the matrix / should agree with /
rorrect as to sign leads to the imposition of a res-
triction on the choice of the remaining basic
matrices considered in reference 7. Namely, they
must correspond to the ones which were presented
in the first or the second line of Table I from refer-
ence 7. For definitness,we shall assume that
]h= I (the choice of sign has no significance), so
that

Rt=DBS,, R*=B, R=BI, J=1. 3

Thus, from the postulate of relativistic invariance,
it follows that Eqgs. (1) and (2) can be written in
the form

— RS (0% [ 0x*) = pa¥,

where % is the component of a pseudoscalar. We
note that the replacement of # by —% corresponds

to a change of sign of / = J. It is well known that

(4)
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the results of non-relativistic quantum mechanics
do not change if i is everywhere changed to —i .
Therefore they do not change if 7 is changed to - %
in the basic formulas.

As the initial non-relativistic equation for the
electron, to which we shall have to add the terms
which make it relativistically invariant, we can
take Pauli’s equation, writing it in the form

(®)
[——zh — e zm

i( m_+ Ak>—e@]so

==1
" 3
eh
+ gye 2ok =0,

where e is the electronic charge and 4, are the
components of the vector potential. (See, for
example, reference 9 etc. ).

From this equation (more exactly, two equations)
it is necessary to go over to a real relationl,
since, on consideration of arbitrary transformations
of the Lorentz group, the original entity, for which
the law of transformation is defined, is a real
spinor, and a spinor of first rank is not suitable
for this purpose. Substituting for all the complex
quantities in Eq. (5) the real quantities corres-
ponding to them, we get

. .(6)
0 1 0 e \2
lr—hfw+m 2<—h‘/ﬁ+?’4’*> —E’PJ o

k=

+ S Z.m ¢ ZR‘leHk’b =0.

In order to make Eq. (6) relativistically inva-
riant, it is necessary to replace the operator

0

+ Z(—-— hjd—iE +- E—Akf 4. mgcz] ,

and R R¥H, by -] (RR*H+ R R*E,) =~ IF. .
Thereby Eq (6) goes over to ()
2

2 | LA,

[~ (~ar e £ A+ B+ A

k
] 2 h 3 1
+mic?—— JF[b =0,
o D. 1. Blokhintsev, Principles of Quantum Mechanics,
GITTL, 1949
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where i is a real spinor. The Pauli equation (5)
or (6) is obtained from Eq.(7) if we take

2
¥ =[exp( _]L"_Q_f___) ] 1/10, disregard the quan-
m 2 92y m_e? 42 m_ €k
tities °2 0o 0 Yio» —
c g2 c? c?

Jx%t o+ Jo 5‘% ) A and also discard the term
AR, E.

c

The relativistic invariance of Eq. (7) comes out
of the following : If one denotes the expression in
the square brackets by the symbol G, then upon a
similarity transformation characterized by the

matrix 4. , G goes over to A, GA ! . Therefore the
the equation Gy = 0 goes over to A1 GA‘ll (4,¢)
=A, Gy =0, whence it follows that it is actually
relativistically invariant.

We rewrite Eq. (7) in the form

<E2-—c22ﬁ’§——m§c4 + ethF> p=0, (8)
kR

N

E=nJ

d
or T e

A 0 e

and this is the desired relativistically invariant
equation which replaces the Dirac system of equa-
tions. (Strictly speaking, Eq. (8) is a system of
four linear differential equations with real elements).

Already at first sight it is evident that the sys-
tem of equations (8) is simpler than that which is
obtained from Dirac’s equations as a result of
squaring. Actually,there are there four complex or
eight feal functions, whereas our problem is reduced
to the finding of four real functions-the components
of areal spinor. Also, Pauli’s equation is obtained
from Eq. (8) considerably more easily than from
Dirac’s equations. The sense of Dirac’s equations
in the usual understanding is also different from
that of Eq. (8). Inasmuch as the components of a
real spinor are parameters which characterize a
four-dimensional vector and an antisymmetrical
tensor, Eq. (8) is, strictly speaking, a system of
equations for the determination of four dimensional
tensors. However, in the present article we shall
not discuss in more detail the similarity and dif-
ferences between Eq. (8) andDirac’s equations. We
also postpone the general analysis to later articles.
In the current work, we restrict ourselves to the
discus sion of the electron in a hydrogen atom and
to the calculation of the fine structure.

Before going over to the solution of this problem,

we shall write Eq. (8) in a somewhat different form.
Using Eq. (3) and reverting from real to complex
quantities (assuming /R, R —ioy, Yy & etel).
we find that the fundamental relativistically inva-
riant equation (8) for the electron can be written in
the form

[(hi—g—t + e'\o)z —e Y (- hi a—‘i-k + —j—Akf ©)

k

— m2ct -+ ehe (ion By — shHh)]E —0.

In such a form it has a particularly simple appear-
ance and is convenient to use for solving concrete
physical problems. However, for the consideration
of questions connected with relativistic invariance,
it is expedient to use a form of the type of kqs.

(7) or (8). The point is that under arbitrary trans-
formations of the Lorentz group £ no longer is
multiplied from the left by some matrix, in the way
this occurred for three-dimensional rotations, but is
transformed in a more complicated manner. More-
over, if we admit complex quantities, then we can
no longer use the very simple transformation ma-
trices (four dimensional tensors), and as a result,

a demonetration of relativistic invariance becomes
considerably complicated, etc.

3. EQUATIONS FOR THE ELECTRON IN A
HYDROGEN ATOM IN THE ABSENCE
OF EXTERNAL FIELDS

For the electron in a hydrogen atom, we can as-
sume

Ap=0, o=¢e]/r. (10)

We will consider that the electron is in a stationary
state, such that

hi 2= E5 &= lexp(—EL[M)&, (1)

where £ does not depend on time. Therefore Eq.
(9) takes the form

/

(

o il 2 w2

P2 1'(f—h\~]é—0
T e P\ R T

whereupon in the following we will use the abbre-
viated notations:
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5 1 I}
Vf)q, sin9 09 <Sin309)+m%dﬁ?

Our problem consists of finding the energy
levels £=E - moc2 and the corresponding charac-
teristic functions of Eq. (12). For its solution it
is necessary to find a system of operators which
commute with the operator

Ve | (B + 2 — mact] (13)

ioc ) :
nn__ 1 (d g O
+ rt 7 r*\or " or/
1 et \2 Vg +iac
,(LﬁZCz[(E-ILT) —m§c4]+ o T

and with one another. Then the ¢ proper * functions
& of equation (12) can be chosen in such a way
that they will also be characteristic functions of
all of these operators at the same time.

We can attain a separation of variables if we as-

sume £ = fF(r )(y2 23’ ‘3) whence

— (Vso + ix3(,)) (yl)
Y2

Then the energy levels of the electron in a hydro-
gen atom will be determined from the equation

l

Ly =1y, (14)

[Gedd b dalles £ -me] o
— x| f(n=0
=
(CyPit, mr + Cyr 4y Pir gy, mr ) €870
) ("/m CirPr, w11+ ;/’
where C C,, + 1 are arbitrary constants, j=j~%

and m”=m — ! are integers,

P, m,__l/(ij +1) (j/—m)!

(V4 G+ m)! (20)
P .
X (1—x%)m 12 T 2T (x2—1)7,
X = Ccos 9.

)

Y2
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It is not difficult to verlfy that the operators (16)
commute with (13) and L.

A . e 7] 1
o=n(—irn L da)

This can be seen from the following: if we set

[4,8]=AB - BA, then )

¢
X' c R
'-"”‘x —a ! ———iskls XjTsy
dxs r r
R 2%
Ohy r = r el XjOs.

Al N2 T2 12, 12
Furthermore, the operators L, M, andM*=M7+M; +i3
commute with one another. Therefore we can
choose y, and ¥, such that y, and consequently

also -f w1ll be a characteristic function of the
operators L, M3 and M 2 , simultaneously, i.e.

Mgy =hmy,
My =12 (j + 1)y,

(17)
(18)

and the state of the electron in a hydrogen atom
will be characterized by the quantum numbers m,j,
A and the radial quantum number which we introduce
below.

. From the commutation relations between the

M, , as is well known, it follows that for a given
J» m can take the values m=~j, - j+1,....,j -1,
j ( see references 6, 10, 11, etc.). It is possible
to show, that from the stipulations (17) and (18) it
follows that y has the form:

(19)

+ m'+2 C ’
) Ci1aPi g, m’—i—l) el (m'+1) ‘P>

We shall develop the proof of these assertions.
The functions A and y, can be expanded into a
Laplace series, i.e. presented in the form

2 CknPn x eihe — 2 Ahe"“"

= — 00
% L.D. Landau and E. M. Lifshitz, Quantum
Mechanics, GITTL, 1948

' E. U. Condon and G. H. Shortley, Theory of
Atomic Spectra, Cambridge, 1935
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Yo = 2 DpnPhy €4 = Z Bpeite,

ky, n h= —e0

Substituting these expansions in Eq. (17), we get

— im!
Y1 = Apeim ?,

Ay = 21:, CPim, Bpi,= EDth, m'+1 (22)
1

(C; and D are constants). Further, using the
the fact that

y$ = Bm’+1ei (m'-}1) CP, (21) _—. ( 0 l¢l i
G113y = ) ,

m' =m -—1/2 li‘l O

(m”is an integer). Here we can assume we obtain
. , , =i — il —ily)\
_hTM.V: _V»,¢+T+( A N 9 (yl) (23)
\—ilh+ily)  ig >
=J U+ Dy, b= shix; 2.

Now use is made of the fact that e+ D)3, +m —j(+D]C (25)

(L i) P, oy 8 (T @ 24

=—iY{Il+m+1){l—m)P,
mar, € O m! =m — 1y

(See references 6, 10-12, etc. In this series of
works, functions are used which are different from

the P, = -we use by the factor (-1) ™ On using them,

the sign before the right-hand side of (24) must be
changed).

Substituting the expression (21) and (22) in (23)
and taking (24) into account, we get

—V{l+m+1)Y—m')D;=0
(l>m’)’

—V{l+m+1)({—m)C (26)
e+ Y=Yy —m — jG+1D]Di =0
(I>m'+1).

In order that Eqs. (25) and (26) have a non-zero

solution, it is necessary that for [>m %+ 1,

[+ D)+34+m —j+1) —V{U+m+1){—m) —0 (27)
VTFm D= LD =G+ )
or P+ D=+ D+ P=0+ Y I=]x"s (28)
Thus, there are possible two solutions of Egs. Y
(25), (26), corresponding to the two possible Djry 1= V%——% Ci1, (30)

choices of sign in Eq. (28), and the general solu-
tion will be a linear combination of these. We

shall findit. If /=7~ = then

Jj—m
—V A e (29)

and if I = j + %=j+1, then

D]'I -

12 H. A. Bethe, Quantum Mechanics of the Simplest
Systems, ONTI, 1935

so that as the general solution, we actually get
Eq. (19).

Now we can go over to the analysis of Eq. (14),
from which must be found the third quantum number
A and the ratio of qu.l toC,,.

Making use of the fact that x , =7 cos 6,

x, tix_ =r sin e for the matrix o, =Exkcr,/r
i 2 "N =
we can write the expression
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a(r) = €08 B3y - —-sine'® (3, —is;) (31)

cos ¢

1. . . sin Ye—i*

sin 9ei* —cos V|

Therefore, taking Eq. (19) into account, we can
rewrite Eq. (14) in the form of a system of two
equations:

UG +10)—2CpPjr, (32)
+ [+ DG +2) =N CrpaPrpa, mr

—ia cos 9Cjr Py, m—ia cos 3Cjr1 1 Pjriy, m

+la j’—_*_:'——ﬁslfl'sc -HPI m 41
2
—ia ’——“L'ismﬁc Py mir =05

m' 41
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’ [.] (./ +1)“)‘]C Pl m'+1 (33)

J+m+1

+ VIR G+ DG+ 9~

Ci’*'lpj"l'l”’"*‘l — fo [sin P, m

+ V,—:—m—:i cos ¥Py, ""4‘1] Cr
—io [sin 8Py, m

J+m+2
'/ L COS '9Pjv+1, ,,,r_H] Cf'+l = 0

Further, we use the fact that from the properties
of P, (reference 12, pp. 383-4 ) it is possible

to derlve the following relations:

—cosOP; m+ (Vi —m |V +m +1)sin8P, miq

—cosPj iy m— (Vi +m +2/V7

=—WV{i+m +DQ/+3)/VFi—m +DE@F +1)Pr, m;

—sin®P;, m — (Vi —m' |V + m' +1)cos 9P, w1y

=— Wi +m+2@2/+)]VJ +m + I +3)Pjts, miss

—_ sin.&P’-,_l_l’ m + (V]’ -+ m' - 2 / V_]’ —m' + 1) cos 'SPI"-I'], m'41

=W —m)& +3)VF —m + D& + )P, wia-

Taking into account these formulas and comparing
the coefficients which occur with the P

>

P]-, +1,m. in Eq. (32), we obtain from Eq. (14)

(34)
— (VT =m + DG+ D/ VU +m + D& +3) P, ms
—m' +1)sin8Pjpy, mpa (39)
(36)
37)
Equation (33) leads to the same relations.
ms? From kqgs. (38) and (39) we obtain
Cipa | Cor = ' (J + 1) —1] (40)

'+ 1D—xC; (38)
=ia (VG +m" + 1) (2] +3)
Vi —m + 17 + 1) Cr
'+ D +2)—21Crpy (39)

=i (V7 —m F D T 1)

VU +m + 1) (2] +3)Cj

(7 +m + 1 (2] +3)

i . ; ==
(7 —m +1) 2]+ 1)

(J'—m + 1) (2j+ 1)

= J
Y Gim+)E+3

[+ DG +2)—n,

whence

V= H1PFVC + IF -l (41)
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We see that the quantum number X for given j
and m can take only two values, correspondmg to
the two possible choices of 51gn in Eq. (41). If
one neglects the quantity a2 and in Eq. (41) con-
siders a®= 0, then for this limiting case, instead
of the quantum number A we can introduce another
quantum number ] , defined according to

n=1(l+1), [>0 (42)
This quantum number, for a given j and m can take
the following two values:

L=j=j= L=]+1=]+" (3

2
9 _aA4%B

where

A= (myc® | 1) [1 — (1 + &/ mec?)
B = (mge® [ 0*) (1 + & [ moc®),
C=h—a2=G"+1PFVJG + 1) ——a=0({"+1), I'>0.

The solution of such an equation is very well
known ( see e.g. reference 13, pg. 438).

In particular, in order to obtain the energy levels
8, it is necessary to introduce the radial quantum
number % according to the formula *

B/V2=1’+k+l (48)

( We are interested only in the discrete spectrum).

The radial quantum number can take the values

k=0,1, 2,.... The energy levels are determined

from the formula

1+ & mec?=[1+4 o2/ + &+ 1)
=+ /(k+ "o+ V4 — a7,

Expandmg the right side of Eq. (49) into a power
series in a2 and limiting ourselves to terms of the

order of a4 , we shall have

élh=— ~(1 + i(l—;”/— - -})) (50)

= 1Tk, R= Mo e

Timh® T T 2n

(49)

We have derived precisely the fine structure formula,

which corresponds to that obtained upon solution
of Dirac’s system of equations.

* If we take the value of /" negative, then the series
for the radial function diverges.

13 A. A. Sokolov and D..D.

Ivanenko, Quantum Field
Theory, GITTL, 1952 Quantum Fie
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Conditionally, we can consider that even in that
case where we do not neglect the quantity a 2
the state of the electron in a hydrogen atom ig
still characterized (aside from j and m) by the
quantum number [ (instead of A ), which can take
the two values [, =j —Y%and l2=j + % ( corres-
ponding to the two possible values of A : A | and
}\ ).

*For given A ( or correspondingly, ¢ ),Eq. (40)
permits one to find the ratio of C. to C.

Now we can go over to the solution of the equa-

tion for the radial function (15), which we write
down in the form:

) =0, (44)

(& = E — myc?). (45)
(46)

(47)

Thus, both the relativistically invariant equation
of Dirac and the relativistically invariant Eq. (8)
introduced in the present work, similarly lead to
the fine structure formula (50). The shift in the
energy levels,which is corroborated by recently ob-
tained experimental data 14, is not predicted in either
case. But the approach to this question from the view-
point of the validity of the{approximate)equation (8) must
understandably be out of the ordinary. The ques-
tion about which of the relativistically invariant
equations, Eq. (8) or the Dirac equation, better
reveals the characteristics of phenomena in the
micro-world, remains open.

4. CONVERSION TO A SYSTEM OF DIFFERENTIAL
EQUATIONS OF FIRST ORDER

The relativistically invariant Eq. (8) which we
used is a differential equation (more exactly, a
system of equations) of second order. Dirac’s
equations, however, are first order differential
equations. The natural question arises as to
whether it is possible also to derive Eq. (8) from a
system of first order differential equations which
are themselves relativistically invariant. We shall
show this is actually possible.

Let us consider the system of first order differ-
ential equations which relate the components of the
two real spinors 1/21) and 1//(2)

Collectlon of Papers:On Shift of the L l
Atomic Electrons’’, IIII)‘. 1950 ft of the Levels of
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Vb — 5 JA%w. (&)
=5 by (A AgReY = RP 0x‘3>
V‘P(z) -+ ?te? JA'¥(2)— -fb_ d.) (52)

These equations are relativistically invariant. In
fact, since e/fhc and m c/h are pseudoscalars,
then as a result of the symmetry transformation
characterized by the matrix-four dimensional
vector 4, the first equation goes over to

—-A4,V Al_lAl'l.’(l)

o) (—AAAT) Ay = (—

which corresponds to Eq. (51). Consequently, Eq.
(51) is invariant with respect to transformations of
the Lorentz group. Analogously, we convince our-
selves of the relativistic invariance of Eq. (52).

A characteristic feature of Egs. (51) and (52), as
well as of Eq. (8), is that they do not change upon
substitution of

mqyC
) A,

bay by e/7hqy, Yoy by e, (53)
y _he of
Aq by Ag— 22 9L

The conversion of all the quantities according to
Eq. (53) can be considered as a gauge transforma-
tion. It is important only to note that the deter-
mination of the gauge transformation in accordance
with Eq. (53) differs from the usual, in particular
in that here f must be considered as an arbitrary
function multiplied by a pseudoscalar, which ac-
cordingly changes sign under four-dimensional re-
flections.

Let us multiply both sides of Eq. (51) from the
left by the operator V + ﬁe JA. Using formula Eq.
(31) of reference 8, we obE_Cain

[? L JF +

e xR
£ IRREA, -2

)

- ' /
hcheAaR P '—> ]‘Pm O %\

or,considering that R*A + AR* =2 52 24%, we find
[ L hc) A

e '3 0
I (FHat gzt

m'“’c2

:‘,a Aa)] bay=

ba).
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Having ass edE:ﬁ]—a P, =- )
§ assum AR AR

+-£ Ak , we shall have
c

(£2— ¢ N Pi — mict + ehcJF) by =0, (54),
k
which agrees with Eq. (8).
Analogously, multiplying Eq. (52) from the left
by the operator V —£—7 4 we obtain
¢ (55)

[(—- -2+ 69> (hJ +L A,t)2

ox k
— myct — eheJF ] Dy = 0.

This equation differs from Eq. (8) only in that J is
replaced by — J, which corresponds to replacing i
by - i in Eq. (9), but this can not change the
physical results, so that Eq. (55) is equivalent to
Eq. (54).

In this way, the relativistically invariant differ-
ential equation of second order which we studied ,
and which becomes directly a simple generaliza-
tion of Pauli’s equation (5), is obtained as a
result of the system of first order Eqgs. (51) and
(52).

We note that for the consideration of discrete
problems, another manner of writing Egs. (51) and
(52) may prove useful. Namely, we consider

= K] i) .
byt — 1) = P+ s (56)
Y : ‘ b
2 Pwe T+ 22
' Y + 2923
'T)(‘-") N = (ﬂ X} *
P2 T 1)
We use the fact that, according to reference 1,
0 —e i\ (E
1
R Bd‘)(l) €« (e“i" 0 ) E;l (57)

= e—1 (wtn/a)g F

For definiteness, we can assume, as in reference
1 (pg. 662), that u + 7 /2 = 0, since the parameter
u can be chosen arbitrarily. Therefore, from Egs.
(51) and (52), using Eq. (57), we get

[ (G + i)+ (F— i 2)]e (o9)
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[on (<2 —i,iAh>+~1-<—g?+i—;;—'g>] 7 (59)

c

Sve]

mye
h

P

In order to be able to study the system of equations
(51), (52) in more detail, it is necessary to find out

for which system of tensors the two real spinors
U1y and x/J(Z) are parameters, and how the primary
tensors are related among themselves. This ques-
tion will be considered in the following paper.

Translated by R. L. Eisner
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