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The characteristics of matrix-tensors are described. The equations of the electromagnetic

field are given in matrix form.

N three~dimensional space it is convenient to
denote vectors by a single letter, e.g., ¢, d,
tc. On the other hand, in the four-dimensional

space of special relativity, tensors usually are
given by their components, which depend on the
particular coordinate system used. But it is clear
that the physical system described by a tensor
does not depend on the particular coordinate
system used to label the components of the tensor.
One should therefore work directly with the tensor
as such which then would describe the system in a
way valid in any coordinate system.

The tensors of four-dimensional space can be
represented by matrices!; these are independent of
the coordinate system used and therefore are well
suited for this purpose. These matrix-tensors are
very useful in connection with problems of
relativistic invariance. Utilizing them, it is very
easy, e.g., to express relations between them, to
find their invariants, to determine their character
with respect to the transformations of the Lorentz-
group, etc.

We shall first investigate the application of
matrix-tensors to the description of the classical
electromagnetic field. The results thus obtained
will be used in following papers?,

1. For the investigation of four-dimensional
matrix-tensors it is useful to start with the proper-
ties of matrix-tensors corresponding to vectors in
three-dimensional space.

We shall use the following notation: let d
= %d" e,; then the three-dimensional matrix-

vector will be denoted by underlining: d =d, R*
=d* R Furthermore, an underlined letter wxll

lsee, e.g., G. A. Zaitsev, J. Exper. Theoret. Phys.
USSR 25, 667 (1953). In the following we shall use
the notation and the results of the first part of that
paper.

2G. A. Zaitsev, J. Exper. Theoret. Phys. USSR 28,
530 (1955); Soviet Phys 1,491 (1955)
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denote a matrix ( not necessanly a \gector) which
is a linear combination of R, R%, R3. So,if E and
H are the electric and magnetic fxelds, respectively,
then

E—Z ErRE =

k=1

EwR:, H=H\R*=H (1)

( Hk is a component of a pseudovector ), etc.
The following relations hold for three-dimensional
matrix-vectors:

= (1/:)(ed + de) + (1) (cd — d) @

= (cd) + R[ed], R = RIRR®.

In partlcular taking for ¢ the matrix-operator V.

—R a/ax which corresponds to the operator
V, we obtain
yg =divd + R_cuﬂd (3)
Rk
= U RRishs

Utilizing Eq. (2). it is easy to show that
chd = (cb) d + R([chl d) + [d[cb)] — (®)
= (cb)d + (bd) ¢ — (cd) b + R (b [dc])

etc.
The components of the electromagnetic field
tensor are

0 H, — H, — EN
—H, 0 H —F \
Fe8) = 3 1
(F=8) Hy —H, 0 —£& | (5)
E, E, E, 0//
0 E, —E H
~ “—E3 0 El H2
(F®)=\ E, —E, 0 H,
—H, —H, —H, 0
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Here F=f are the components of the dual tensor-to
F«B which is defined by F = = % exByd Fug

The matrix F, representing the field tensor, is
given byli

F =1/, F*®*R.Ry, (6
or, using Eqgs. (1) and (5),
F=RH+ R,E. (7

Simjlarly,

F=JF=RE—RH. (8)

As an example of the application of Eq. (7), we

shall obtain from it the law of transformation of

E and H under a change of the coordinate system.
If the basis matrix-vectors R* of the old system

of coordinates are connected with the R™ of the

new system by

R=A"RA (A=.. A4, A2=+1), (9

then the new components ﬁk and E'k are obtained
from

F = RR*H, + R,R*E, (10)
= RR* A+ R,R'Er (R = RERR®)
or*
AFA™ = RR'A+ RR*Ev= RA + RE. (1)

In particular, for the case of a single symmetry,
that is, if

A=A1=aaR°' (12)
—ataR (A=11, Ap=214),
we have

AFA7 = +R(@— aRY H (a + a,RY

F R, (a—a,RYE (a + a,RY),

~ ~
* One can look at the components H and E, either as

being the components of the new tensor  =AFA™! ob-
tained from F by rotation or reflection, or as the com-
ponents of the same tensor F in the new coordinate sys-
tem. In the latter point of view the basis matrix-
vectors of the new system of coordinates are obtained
by a four-dimensional rotation or reflection character-
ized by the matrix 47"
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and,because of

(@a—a,R)d(a+ a.RY)
=ada+a,R*(ad —da) —aid,

there holds

+H*=aHa —a?H — 204 [aE], (13)

+E* = —aEa + 6} — 26, [aH].

By performing two symmetry operations consecutively,
namely

(14)
A, =R, A; = )[R cos (¢/2) + R* sin («/2)],

cosa=1/A2 =+ V1 — (v/c)?,

. .1
which corresponds to a Lorentz transformation = one
obtains

H* = [(1 + cosa) /2 cos «] H (15)-

—[(1 —cosa)/2cosa] R*HR* —tga[e,, EJ,
E*" = [(1 -+ cosa)/2cosa] E

—[R1—cosa)/2cos«] RRER' 4 tg[e,, H]

Therefore the new components are given by the old
components in the following way

H" = H,,

Hi* = [Hy + (o)c) E) | VT—(0]eY.
Hi* = [Hy— (0 ) £ [ VT— (@],
EY = £,

Eff=[E,— (v]c)Hs] | V1—(v]c),

E;*=[Eg+(v/c)H))//1-(v/c).

which are the well known expressions for the com-
ponents of E and H in a moving frame of reference
(see for example p. 72 of reference 3 or references
4, 5, etc.).
2 We shall now find some relations pertaining

to four-dimensional matrix-tensors.
The B)roduct of the two matrix-fourvectors C

and D =d RB is given by

(16)

= CﬁR

3

L. D. Landau, E. M. Lifshitz, Theory of Fields, 1948
*la. I. Frenkel, Electrodynamics, 1934, part 1
51. E. Tamm, Principles of Electricity, 1949
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D=(c+cRY@d+ar) 17
= (cd) + c,@* + R [cd] + R, (— ¢, d — cd¥)

CD == c.d* (18)

+ + RR® (caly — Codla)

= Cd* — ‘%JRYRS eYSuBCada.

Equations (17) and (18) hold also for the case that
the components of the fourvectors are operators.
A particularly important matrix-operator is

V= R" =y+iR2, (19)
Application of Eq. (18) yields
1 o®
Vi=0O=A—g3 (20)
Using Eq. (2) we further obtain
DF = — [dH] + d, E + R* (dE) (@1)

— J(IE] + d,H + R4(dH)),

or
DF = — RudgFet — JR.dg F*  (22)
Similarly,
FD = — [Hd] + Ed*— R*(Ed) (23)
+ J([Ed] + Ha* — R*(Hd))
or
FD == R,F**dy — JR.F **dy. (24)

Finally, the product of two second rank matrix
tensors is given by
FiyFy = (RHyy + R Ey) (RHyy (25)

+ R4E(2)) = (Ew E(@)— (H Hep)

+ R([Et) Eel — [Hy Hel)
+ R*([Hy) E@l + [Egy Ho)l)

or
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1 2
+ 7RBRY (Fés Foh— FE&F )
In particular.
F2=C,+ Cy, (27)

where C, =-%F “BF «8 is an invariant, and
c,=-%FFF,
51gn by reflectlon (i.e., after an odd number of in-

versions ); they are invariant under four-dimensional
rotations. F2 =0 means C, =C, =0.

is a pseudoinvariant which changes

3. We shall now write down the equations of
electrodynamics using the above formulas.

LetJ =j. +cp. R, be the current matrix-
fourvector. The equations
divE = 4rp,), divH =0, (%)
1dE 4 1 BH
curlH — — % =7”jel, curlE + — % =0,
can be written, putting in Eq. (22) D = ¥,
4 ¢
VF=—"TJg(or, =% FRE=TJq). &9

Maxwell’s equations, Eqgs. (28), when written in the
matrix notation, appear as the single equation (29),
where the relativistic invariance is already ob-
vious from the form of the equations.

Maxwell’s equations for free space, i.e., if I,
=0, are given by Y/F =0. This is very similar
in form to the special case of Maxwell’s equa-
tions for the electromagnetic field given in refer-
ence 6*: T/ 4y =0. However, this similarity is
superficial because here F' denotes a matrix-
tensor, while ¢ is a column composed of the com-
ponents of spinor .

Let the matrix~fourvector of the potentials be
denoted by

A=AR=A+ AR, A*=—A,=5. (30)

6G. A. Zaitsev, J. Exper. Theoret. Phys. USSR 25,
675 (1953)

* We shall use this occasion to remark that in the
references given in reference 6, the quoted page
numbers should be exchanged: in reference 1, the page
number should be 667, in reference 2 it should be 653.
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From Eq. (18) we obtain
V Ay =(04%/0x)y
+ Fy+R*A(0]/0x%)y,

where x is an arbitrary matrix or column vector. As-
. . L3 < .
suming in the usual way d4 / dx™ =0, we obtain

(31)

F=VYA. (32)

It is easy to obtain in matrix form the forces ex-
erted by the fields on the charges. From Eqs. (21)
and (23) we have

(/e) (FJa — JaF)

= C(P ell‘3 + (1/6’) [iel H]) + R4 (jelE) =Cf,,1'

(33)

where fel is the matrix-fourvector of the force. The
components of the energy-momentum tensor =B

must yield — aT“B/axﬁ = f:l From Eqgs. (29) and
(33) we obtain

0
- ax—g(RaTaB) :fel

1 (_O(FR“) ~—F\7F) _ 1 o(FrR*R

~ 8n 0x* 8 gx*

(34)

and we therefore can put

87R.T*® = FRSF. (35)

It is immediately possible to show that T“ﬁ really
are the components of the energy-momentum tensor.
Indeed, putting b = R* in Eq. (4), and with Eq. (7),
we obtain for Eq. (35) the expressions

8rT = — 2HH, — 2E.E, (36)
+ 8ir (E2 4+ H?), 874 = E2? + H2,

8aTh = 8= Tk = QehisEH,
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as it should be.

Up to now; we limited ourselves to the case of
electromagnetic fields in vacuo. However, the
notation of matrix-fourtensors can be used also in
the case of the presence of a medium, especially if
questions of relativistic invariance are involved.
Here one has to introduce to antisymmetric matrix-
fourtensors of second rank

F=RB+R,E, ®=RH+R,D, (37)

Here B is the magnetic induction, etc. Instead of

Fq. (35) we now have
1
o FR2® = T% Ry + J(P Ry),
where
SKT& = — BiH, — H;B,, — E;D,,
— D:Ey + 3 (BH) + (ED)),
8=T# = (ED) 4- (BH),

8T = 8= T = ehis (E;H, + D;By).

The TFC'B) are the components of Minkowski’s sym-

metrized energy-momentum tensor in an arbitrary
medium. In order to obtain the components of the
general energy-momentum tensor® T«ﬁ i.e.. if

’ ey

B # TP* one has to use the antisymmetric
tensor of second rank %(F® - ®F).

Finally, we shall give the tensor of the moment
of momentum of the field. Putting X = x* R« we
obtain, according to Eq. (18),

T (XR.T* — R, T=" X) = & RRy M=%, (3g)

where

1
MoET = = (XT¥ — x# T=) (39)

are the components of the angular momentum

density of the field.

Translated by M.Danos
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