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It is shown that the Onsager relations

x »*Z‘I

h (i=1,2,...

), Ly = Ly;

when limited to terms of second order in x , are first integrals of a more general set of

differential equations

d, |t =X, (i=1,2

., n).

In the most general case, in which all terms in the expansion of AS are kept, we obtain

L;; = Lj; with accuracy to terms of second order.

The theory so developed is applied to

the phenomenon of thermal conduction and to the theory of phases in adiabatically isolated

Systems.

INTRODUCTION

W E consider an adiabatically isolated system,

whose state is completely determined by the
variables ffl, & & & . Let fo, .
§° be the values of these vanables when the

system is in thermal equilibrium. Denoting by
S(¢, & , & ) the entropy of the system,

we have
AS:S(E], 2-_1, .. -,Eﬂ) (1)
1 /0%S o
=0 =0 =0
S1y 52 , n) :7< & N1
( = = \0xjy
02S , 0% 2
"2 0x0x XXz B ox? ") +
1 n
= ? 2 giikxif\’h ’% tte (l = 1)2r L} Il),
k=1
where g =g ., x; =& - fio, and where the deriva-

tives are taken at ), = X, = - =xn=0:
Here S g,, X,X, is a positive definite quadratic
form.

We now set ourselves the problem of determining
the differential equations for irreversible thermo-
dynamic adiabatic processes.

Lord Kelvin, studying thermoelectric phenomena,
came to the conclusion that it was possible to write
down differential equations which give the inter-
action between electric currents and thermal cur-

rents X, X, in the form
Xy = Ly X,y

.

+ Lo Xs, Xp= Loy X 4+ Lo X,

where X and X, are “forces’” which depend on the

electrical and thermal phenomena in the system.
Later, Rayleigh, formulating a “‘principle of mini-
mum energy dissipation’’ pointed out the possi-
bility of considering AS as a potential function.
Onsager, studying hypothetical unimolecular
chemical processes in a substance which can exist
in a given homogeneous phase in three forms 4, B,
C, which undergo spontaneous transition from one
to another ( ““triangular processes’”), and also
phenomena of thermal conduction in anisotropic

crystals, concluded that the tensor L,

was sym-
metric.

Following Boltzman’s examp € and start-
ing from the assumptions of statistical mechanics
on the ““microscopic reversibility’’ of elementary
processes and from the theory of fluctuation,

Onsager established the phenomenological rela-

tions
n

XLH;XI( (i=12 ...,n),

k=1

,‘é,. = (2)
where L;;, = L, ;. X; is the flow of x,, X, are the
““forces’’, which are partial derivatives of the

potential function (A S) with respect to the x,,
i.e.,

11,. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265
(1931)
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P ’.’. == ( AS) / aXle_- (3)

Later Casimir? pointed out gaps in Onsager’s
argument, showing that Onsager assumed that, the
fluctuations on the average follow the usual phe-
nomenological macroscopic laws. Landau and
Lifshitz® proved that L;; must be coefficients of
essentially positive quadratlc form. However, as
we have shown?, this is still not sufficient to
establish the Onsager relation. De Groot® sug-
gested that the Onsager relations (in those cases
where only their applications are concerned) be
taken as a new thermodynamic principle.

We consider below the problem of irreversible
thermodynamic processes from the mathematical
point of view and obtain several consequences from
the second law of thermodynamics in conjunction
with irreversible processes in adiabatically iso-
lated systems. Following established custom, we
keep only quadratic terms in the expansion of AS
in powers of x;, X, » X,+ Then, following
the method of integration developed by Poincare’,
we show that consideration of all terms in the ex-
pansion of AS does not lead to any essential
changes in the results.

1. ANALYSIS OF THE PHENOMENOLOGICAL
RELATIONS OF ONSAGER
First of all, we note that for each set of initial
values xlo, xzo, e, xnoit is necessary, in
adiabatically isolated systems, that limy; (t)
=0 for t > + co. Thus the point x; =X, =
=X, =0 is a critical point of the integral of the

system of differential equations

dx;/dt = Ly X7 4 Liy Xo F -+« F LinXy
(i=1,2,3,...,n), (4)
where Lik =Lki Since

2
H. B. C. Casimir, Rev. Mod. Phys. 17, 343 (1945);
Philips Res. Rep. 1, 185 (1946)

3L. Landau and E. Lifshitz, Statistical Physics, 1951

4Kyrille Popoff, Compt. rend. 238, 648 (1952); J. de
Math. Phys. Appl. 3, 42, 440 (1952); 5, 67 (1954); Compt.
rend. 236, 785, 1640 (1953); Ann. Phys. 9, 261 (1954)

5S. R. de Groot, Thermodynamics of Irreversible
Processes (North Holland Publ. Co., Amsterdam, 1951)

Xi=gunX1+ QizXo 1 =+ + LinXn,

the 1ntegral of the system of linear differential
equations of nth order* possesses n constants of
integration. This characteristic permits us to make
an arbltrary choice of the initial values Xl X2 ,

» Xy 9 of the independent variables X1r Xg»

» X,- However, this is not sufficient to
guarantee that the integrals of the given system
have physical significance. It is also necessary
that lim x; (¢) = 0 for ¢ > + « or, in other words,
that the point x, =Xx,= . . . =X, =0be a com-
mon point of the family of integral curves, i.e., that
all the integral curves which satisfy the a.rbltrary

o e .. 0 0 0
set ?f initial conditions x|, X, » X, of
the independent variables meet at this point. In
order that the integrals

% (0) = Cymert - Cers - (5)

. .
+ Cpipernt

(i=12,...,n)
of this system satisfy the condition lim X; (t)=0
for t » + o, it is necessary that all r, be negative.
But, since the r; are functions of the L;,, which
thus determine the state of the system, this re-
quirement contradicts the basic hypothesis that
, &, , & are the only variables that

1 . n Y

define the state of the system.

As an example. for n = 2, we have

dx,|dt (6)
= Ly (X1 + Q12%a) - Lia (21X 1 Qoo X2),

dx, | dt

Loz (21X + gaaXa).

= Ly (X1 + ¢
Setting X1=aer, Xo =

'12X2)

B e, we get the quadratic

equation
(7)
|L11z> ut Lopga—r Lpge -t Lo | —0
| L1 -+ LonQn L1812+ Lzzgzz — rl ’
for determining r. The roots of this equation are
Fi2= ([11611+le)61’+[‘1_’h_’1) (8)
1 2
__vj((/ll‘(s)ll—*_ 201,81 + L22g02)
= N 1/2
—4(L11L.p' L1 /{ ng*gi-:b
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In order that the differential equations have
physical meaning , r, I, must be negative, i.e.,

O0<T(Lugu + 2L15815 + Lssgs) (9)
L1s) (811822 — &12)

< (L1811 F 2L12812 + L2282,

(Lungu F 2L1sg1s + Lasg

—4 (LuLzz -

99) < 0.
We now show that the set of differential equations

dg—\:i /!d[') = ‘X'i (l = 1,27 ’ n’)’ (10)

Ni=gnX1+ Qi2Xs +++ inXn,

satisfies the physical requirements and has the
phenomenological relations (2) as first integrals.
We rewrite the set (10) in the form

a’x, [dt* = g11Xy + 812X+

a*xy | | dt? = gmXy T &naXs 4+ Sankn-

Setting

-+ L1nXn, (]0')

- ot -
X =€, x,=3e", . , Xn=vert,

we obtain
(Gu—r)a+ gud+ g7+ -+ g1av=0, (11)
(gllll - I‘Z)‘I - 0.

In order that this homogeneous system of alge-
braic equations in a, f3,
zero solutions we must have

2 1 .~ i
mo% + Sned + Gnsy + -+

, V possess near

S1n l
82 8o2 — 1" Lon =0
8m 8n2 ---gnn""r‘z

Since Z g, x;X, is a positive definite quadratic
form, all the roots of the equation of nth degree in
A (rﬁ) =
are real and positive. Thus n roots (r;, 7y, -
r,) of this system are negative and n roots

r = —
(n+l r

» Ton

=Tgr « + T =-r,

1’ rn+2= n+p p

=~T, ) are positive.
In the set of equations (11) it is always possible
to set a=1. Since r appears only as a squared term, the roots

: = same
r; andr, ., =-r, correspond to one and the

Then the

set of values a; =1, B, v;p -+ - + Ve

general integral of the set of differential equations
has the form

t r.
X3 ()= Cre™" + Coe™ - 4 Cpe™

: ot
4 Cra€™ 7t 4o 4 Cope™,
Xy (1)= Cl?’ler't + C‘z?eeret 4o+ Cp3pe™
r,”f

[2 <t
+ C:x+~1§:x+1ern e
t
Xn(t)= Cyv"'+ Cone™ + - - -+ Cpype’™

'L'(“’n. ),,e

: . r2nf
+ Copn2ne ®™,

Tnt
+ Crirvne ™ i

wherer, @, 3, . , v depend only on the ik
For lim y; () = 0, we must have
t>+ o0

Cn-i—l = Crhj—z == C‘Z/z =0.
Then we obtain .
Xy (t) = Cie™ + Coe™ + - - -+ Cue™,

Y W £ ot n ol

Xy (8) = Cl?’ler + C‘:'.gzer' 4o Cpne™,

— C.y.e™t + Cy raf +
Xa(t) = Cyvse o

In determining C C . . ., C,, we obtain the
relations for ¢t = 6

.XI-——Cl‘—C.z"!,_

(12)

\ ~ r ot
<o Covpe

+ Ch,

xl')' =Cpv, + Covy +---+ Cuns
where x{’, xg, , x’? are the arbitrarily
chosen initial values of x,, Xy o v 0 X
Substituting X, (%) x2(t), . » X, (t) from
Eq. (12) in the expressions (10) for X, X R
X, we get

X, = Cie A+ -+ CieAny (13)

+ Cne, lBIh

N,y = Clerlt/\]l NI C,.e’"ti\f',, )

Here 4, B, , N are functions of g;; only and

do not depend on Cl' C,, 5 C. Further, we
have

xi(t) =
+._.+C”72"rne’ut (l= 1, 2' Tt n’)'

s Cne'u‘ from

Cl"hrle"t + Cz'frzree,’t (14)

Eliminating C e"1’, C €’ 2¢,
Eqgs.(13) and (14), we get
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Xi Mty Tl .. ”’mrn’ form .
X, A, A, c A . A(rz) o &1 =0
\/2 Bl 32 . B/z ! - (}’ g.21 g.‘ZZ —r
............. and, consequently,
Xon N, N, ... N
Pom futan (18)
Xi =L Xy + LioXo + -+ + LinXa (15) T
& &
(i=1,2,...,n). + (“uz—m> —(gugz-:_g%‘z)-
Thus the phenomenological relations are first Since Sg;; X;Xx( ¢ = 1, 2) is a positive definite
integrals of the system (10). Here the L, are quadratic form, we have
constant quantities, determined by the coefficients o -
8, alone. g1 >0, 892 >0, 911892 — 812 > 0
For n = 2, when and consequently
X1 = gnX1+ raXe, Xo= g21X; + ZasXs, <§Zn 'i' o2 )2 (@11 Cas — 6‘1-"2) < <gu -: 822 )‘
we have
d2x, | dE? = gyXy + 81ass On the other hand,

(16)

a’x, [di* = 821X1 + ZoaXs. (gx - gzz) (@118 — G2
Setting X1= e’t s Xo = }’-jert’ = <g_ 11————_: gzz.\z + glzz > 0;
we obtain ot ) )
gu—"r*+gud=0, (17) so tha r2>0 ,
gzl+(gzz—r2).e=0- 1 , e >0,

Consequently, all the roots of the equation A(r?)
= 0 are real and

The determinant of the coefficients now has the

n=—]/(g%-ﬁ>zﬂ/(m) g 0 e

r=— |_/ (Bt ) (Bt (g0 gh) <0, ry= —r>0.

. ¢
Setting C, = C, = 0, we have Eliminating Ce"1* and C,e"2* from these four
equations we get

-x; = L X1 4 L1,X,, sz = L Xy + L2\,
where 8, and 3, correspond to the roots r, and where
Ty and are determined by Eq. (17) Ly, = .___i___’l_ L i (rs — 1)

re(B2—B1) ’ 2= rrs (Ba—By) °

X, = Cyent + Cye™t, x, = C,8,en! + C,3,e"*

Making use of the above values of y, X o+ and

keepmg in mind Eq (17) we obtain From Eq. (17) we have
rt 2
rl—i—qu I“), 5 :__gn-——r] 3 — I

4\3—-(:6 1r1+C r”g)ro. o g g‘_’;_"%’
On the other hand,

X = C.e" ”1 1 Ce” r, Consequently,

g~
xi‘ =Cie’ "}31"1 + Cger’ Bars. 8,8, = LI

2
IZ
10l
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However, keeping (18) in mind, we get

2 B &
gllhﬁrl_ P
/ G, +g.q 2 3
ST11 22 2
—] ( 5 ) — (81182 — gw),
2 g — 8
og — 1=

[‘12 = Lz] -

We now consider a numerical example for n =3,
setting

&1 =9, g1 =1, g13=3,
ga=1gu=4, gu=2,
gu=3, gp=2, gi=0~6.

The corresponding quadratic form is positive
definite, since

0. g 0. O =0 811812 0
g1 ~Y, Loz >V, 33 >V, ] =0,
821 822
Lo o 020 @ &11 812 813
11813~ 822803 .
o =0, o o =0, 1 go1 822 23| >0,
K31 833 832933

831 832 833
The roots of the algebraic equation

gn—r? 812 &3
821 aa—1" gy |=0,

[ &8s s Qa3 — ¥

are
F=0.4189, r;=2.1944, r3 = 3.3868,
as can be easily verified, so that
ry=— VO—‘“F—Q, 7y
= — /21944, ry=—V3.3868.

Setting a; = a, = a, = 1, we get

lg 8, = 1.81185; lg 11 = 0.09931;
1g 3, = 1.98156; lg 1, = 0.07534 1;

197y = 2.82822 13
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and .
2.2 9 °
rerar - rrr3
Lip=— 1A23 0,070; Ly =— 0.071;
rirrs rr%r;
Lyy=— 253207445 Ly =~— 0.741;
2.2 2 2 2
rarsr r rzr;
Loz =— IA : 0.515; Lgy = ——5x— 0.520;
where
2 2 2
' 1"1) rs rs
| .2 2 2
A= ri3, rad, r3ds
2 2 2
riy1 T2vVe T3

THE SYMMETRY OF THE TERMS L;;,
ITERATION METHOD.
The terms L

differential equatlons that we have just considered

in the integrals of the system of

are symmetric underless restrictive conditions than
those given above. This fact makes it possible to
explain the results obtained by several investigators
who started out from the phenomenological relations
of Onsager, in which it was not required that
lim x,(2) = 0.
>+

Pierre Curie®, taking as his point of observation
the symmetry in the structure of crystals, had al-
ready come to the conclusion that ‘““when certain
causes produce a given effect, then elements of
symmetry in the cause also appear in the effect
produced by these causes’’, and that ‘““when certain
effects display a known asymmetry, then one must
find a similar asymmetry in the causes which pro-
duce these effects’’.

In the case in point the symmetry of the matrix
8;), requires the symmetry of the matrix L.

Considering the system (18), we have established
the existence of a set of integrals which satisfies
the conditions lim y, (¢) = 0, lim X/ (t) =0 for
t =+ oo, This is sufficient to establish the phe-
nomenological relations and the symmetry of the
matrix L;,, independent of algebraic considerations.

For simplicity we consider the system

d*x [dt? = ax + by (19)

=X, d*y/dt?=bx-+cy=1Y,

where a, b, ¢ are arbitrary constants. We find the
integrals of this system, which satisfy the condi-

6 P. Curie, J. Phys. , 393 (1894)
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‘tions t =0, x“'=0, y "= 0.

The method of iteration which we have followed
is general: we apply it for each n.

Integrating both sides of the first of these equa-
tions from 0 to ¢, and setting x "(0) = 0, ¥ “(0) = 0,
we get

t t
X' (f) = g Xdt = Xt — S ¢ Xdt
0 0
t

=Xt - ‘/th2+‘/z§t2X'dt.

But

X=ax+by=aX+bY, (20)

Y=bx+cy=0bX-+cY,

so that
¢

X (t)= Nt— 4 X+ 5 S (@X +bY)dt

0

2y t® ;o
= Xt —-2—|X—!——j(az\ +bY)
t
1 ¢ 3 P 43
—~3!—S(aX+ bY) dt
0
= Xt — ,X#— (a‘(~r bY)
¢
m . . 1 ¢ . .
—gr @X + o8 + 5\ (@¥ +p¥)ar.
0
Substituting the values of X and Y from Eq. (20)
in the last integral and integrating by parts we get,

after some sxmphflcatlon (recalling that X = ax

+by, Y = bx + cy),
f1+b

KIV{HT!tz_F t)dt
b(a+c) dv
‘ ( = t4) dt
—(t+gre+ CLE )X (21a)

+(_%t3+_b(a‘5—j'c)_is>y

t

t
_ et Stﬁ,-‘édt—b—(ﬁﬂgtf’)'fdt.

o! 5!
0 0

It is necessary to extend the iteration process to
infinity.

In the same fashion we get from the second equa-
tion,

(21b)

b .2 bla+c),s\dx c 2 b%2+c? 4\d
1+ ===t 1+& L _*c .43y
(E 41 )d7+( BT T
(b .3 bla+e),s c .3 b2+ c? 5

%!t + o t)X+(t+3!t +—-—5! t’)Y

t t
- ﬁ%{-ﬁ) jts)fdz —%ﬂf j‘ ¢5 Ydt.
! ! )

0
INVESTIGATION OF THE CONVERGENCE
OF THE SERIES

To establish the convergence of the series we

consider the dominating system of differential equa-
tions

dx|dt* =p(x+y) =X, (A)
d2y/d[2:p(x+y): Y,

where p is the largest of the numbers |a|, |b],

le].
Proceeding with the system (A) as we did for the
system (19) we get

(14 Lree 27 g0 2040

P o 20 20 6 2m—1p" o\ dy
+(§!~t3+ it T Ty 12")_

—(t+Lr+k 245 4 (22)

27!—-2
. + mpn—it%—i) X

2 n—2
+( t3+ P 15-{- co+ _(%rmpn—1tzn—1> Y
2n—1 t. 0
+ &t- (X+Y)dt.
0

Here for each finite value of ¢

t

nt+i n

im 25 e vyt —0
0

Since the relation of the (n + 1) st to the
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nth term in each series tends to zero as 1/n,

then the series which occur in the coefficients of
our equations quickly converge for each value of ¢;
consequently, the coefficients in Eqgs. (21) also
converge. We write these formulas in the form

A% LB (23)

—aX 487, BE = +c"y —8X 417,

where

) 2 b?
A:1+—;Tl2+a“;

4.,

2 b2
fl:t-—{--%t:‘—}—a; t5+"'7

(24)

B:gb— o4 2o ”‘”+C)t5+
C=1+ L4+ %n ..
v+
T= +%t3+ 5!ct5‘+"
Here
AC—B=14+2FCp .. .19
and, consequently,
dX/dt = L}]_X + L12 Y (2‘5)
dy/dt = L, X + Ly, Y,
where
Ca 4 B| CB—B
Lu=7¢ gz’ Ly = A‘(;J BZ’ (26)
__AB— Ba Ay — BB
In=%c—p Llo=7—%
Simple calculations show that
C8 — By = A8 — B« (27)

and thus
L]Z = I-gl-
We have seen that x =0, y = 0 is a critical

point of the system of differential equations and
that all integral curves which correspond to a

KIRIL POPOV

certain physical problem pass through this point.
If we take the moment of thermodynamic equilib-

rium at t,=0, then ¢ < 0 will correspond to thermo-

dynamic processes. For t; <, <0, we have

X' (15) = Ly (L) X (15) + L12 (8,) Y (25)s
V' (t) = Ly (£,) X (15)

+ Ly, (t2) Y(tz)’ le = sz

(28)

where ty=1t, +T. If we assume that ¢, is known,

and set t, =, + T, where the [?o.sitive quax.ltit)-' T
runs from Oto - ¢, all the quantities appearing in

Eq. (28) will be functions of 7 so that we can

write

x'(z) = L1 (7) X (=) + L2 (v) Y (<),

V' (7)) =Ly (v) X (=) + Ly (7) Y (v)s
Lz () = Ly, (7).

If f is any of these quantities, we can write

2
flt)=F(t) +=f (b)) + 5 f{t) +--
For convenience we write f( 7 ) in place of
fte¢, + 7). Thus we have again obtained the
phenomenologlcal relations of Onsager and
L,,=L,,. The application of the general method

of iteration which we have used does not present
any difficulties for n > 2, so that in the general
case, Lik = Lki' Here, however, it is not-evident
that the coefficients L, are independent of 7 as
was shown in Eq. (15).
2. ANALYSIS OF THE GENERAL CASE IN WHICH
AS CONTAINS ALL THE TERMS OF THE
EXPANSION IN POWERS OF THE VARIABLES

We now examine the most general case. Keep-
ing all the terms in the expansion of AS in powers

Ole, Xg» + - + » Xy We have

ml -~

) . N\
AS=— Zgﬂxtxk + -

i,k

@.1)

The dots here indicate terms of third and higher
order in the variables y. The corresponding system
of differential equations has the form
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(2.2)
N T T S

- 0__ -
X, A0 =g X 4+ 8XoFo o+ Xt

with the dots indicating terms of second and higher

order. Setting &= dx/dt, we rewrite this system of
2nth order in the form

dx,
R
dx, d%,y

= Xyt g Xt

dx,

(2.3)

dg,
gﬂl.x1+ +gnn ﬂ»+

- =di.

With the help of a linear transformation we can re-
write this system in the form

duy dus (2.4)
r1u1+,.._r2u2+...— ’
_ du, - _ duy, — dt
T orpu, ... Foplhon +- - -

with the dots again indicating the terms of second
and higher order in u;. The values LT
r,r .. « . . ,r, are the roots of the al-

n’ ‘n+1 2n R

gebraic equation of 2n th degree previously con-

sidered:

y 2 g -
é’ll r 812 Sin ‘
.............. =0. (2.5
. . 2
Em Spae - g — T
As we have already seen, n roots (r, 79, - + - »

r.) of this equation are negative, and n roots
(rpy1Tnsor Ty, ) are positive.
Poincare’ 7 showed that such a system of dif-

ferential equations possesses a system of holo-

morphic integrals of e"1¢, ¢"2¢, , ent
wi (1) =i (ent, ert, ..., ') (2.6)
(i=1,2,..., 2n).

which approach zero as ¢ » + o and which possess
n constants of integration. Consequently these
correspond to this set of integrals of the form

7H. Poincare, Sur les propriete's des functions
de’ﬁnies par les equations aux différences particlles,
These de doctorat, Paris, 1879

343

X1 (8) =9 (™, e, | e, (2.7)

r,t

5(f) =i (€™, e, ..., ™

(i=12,..
where w; =d ),/ dt and ¢, and w, are holomorphic

Ly ),

functions of e"1¢, ¢"2¢, | . . , e'nt

which ap-
proach zero as ¢t » + o and which possess no
constants of integration, thus allowing the choice
of arbitrary initial values y ‘i’, X g' , X,?-

All the necessary conditions for this rule are
satisfied in this case.

For simplicity we consider the case for n = 2.

Setting X, =X» X3 =% 811 =% 85, =815=0
8,, = ¢, and recalling that Fﬁy = fo we get
d’x [dt* =ax + by + ex? (2.8)
4+ 2fxy + gy .= X
d*y/dt* =bx + cy + fx*
+2xy+ hy*+...=Y.

Since ayx 2 +2bxy + cy? is a positive definite
quadratic form,
a >0, ¢ >0,
Corresponding to this system we have the
system

dx

-
. —
= § =

dt " ;

>0, ac—b*"

. J (2.8")

a4 _y. 9 _y

s @ =% ="

and the equivalent differential equation in partial
derivatives

oF — oF . 9 q
e d,X+ H+ Y=0. (2.9
The linear substitution
W= 0338 + o X+ 07 4 0y V5 (2.10)

L = o, 12 032X 033M + %31
V = g1 5 + AgaX + Koy” + g Y5
2= 048 - XX 4 oyg” Ay Y

yields the system

oF oF J oF
0 = ou ut gy % + 5@ % T 57 %
oF oF oF , OF oF
ox — ou %y T S Jv “zz‘t‘aw O3+ —— oz Xa2’
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oF oF oF oF oF
on — ou “13“:“%‘ a23+d_w %33+ oz %a3
oF oF oF oF oF
Oy — oa T gy % gy %t 57 %

and the equation

oF -
o (03X 4 232 oy ¥V a,H) -+

oF -
+ T (%1 X + %9 E + a3 ¥ 4 5, H) +
OF _ (2.11)
+ 0w (01X + g E + otg5 ¥ 4 o, H) +
OF -
+ 357 (201X + #3oF + agg ¥ 4 2 H) = 0.

We choose a,,. so that, after some reduction, we

get

k'

0
(%(rlu1+---)+.d§(r2v+---) (2.12)

. OF oF

—&w(r;,w +...) +0—z(r4z —+...)=0,
where the dots indicate terms of higher order of
smallness; in this case we must have
Xy + agpE g ¥y 4 g H = ryu (2.13)

=1y (@118 + oo 4 a3 - ®1aY)s

a21X1 _!_ u223 _*— Ao3 Yl - a24H = ry?
= 1y (09,8 - oo X T Gpg”M + %4 Y)s

g Xp 4 05 E + 0gy Yq A+ o H = ryw
=13 (3% + a5 X - agaM + %34 Y),

0 Xy + 0B + oys Yy + g H =ry2
= 1y (g8 + ayeX + oggn + 040 Y),

where X, and Y, are the quantities X and Y in which
1 1
only terms of first order are kept. We then ob-

tain

%@ — oty + ;30 + ;40 = 0,
—&iyfi + %zl + ;30 4 ;,0 = 0, (2.14)

ainh + ;50 +- o3¢ — oyt = 0,

%10 + 020 — ajgr; + ;41 = 0.

For the homogeneous system in a;, to have non-
zero solutions, we require

KIRIL POPOV

(2.19)

| a — b 0
| —r; 1 0 o0 _ a—r? b -0
b 0 c —rj b c—ri ’

0 U——r,- 1[

We saw in Eq. (18) that the roots of this equa-
tion of fourth degree are real, whereupon

r<ry<l0, rg=—ry, r;=—r, (2.16)

To these roots there correspond the coefficients
a;;, which, after we set @, = 1, have the values

(2.17)

oip = r; = Bi»

—_— Ti'

2
wig=(ri —a)/ b= oy=ry

As we have already pointed out, the integrals of
Eq. (2.11), which approach zero at ¢ - + o, are
holomorphic functions of k. e"1" and k je"2t, where
the constants k, and k, are sufficiently small.
These integrals can be expanded in a series in
powers of k e"1* and k,e"2". The convergence of
these series as ¢ > « was investigated by Poin-
care’ 7 and later by Picard®.

We return to a consideration of Eq. (2.9) and the
substitutions (2.10). Since the determinant of the
coefficients y, y, &, n in (2.10) differs from zero:

lryogqy (2.18)
1 ry oy 7y
- = —dryr, (o — 0y)% =0,
1 r3 a3 ,‘,3 1 .( 1 ...) 7
Iry oy,

the substitutions (2.10) determine y, y, &, 1 as
linear functions of u, v, w, z. All these
quantities approach zero together. Consequently
the integrals of x,y, £é=x’, 7 =y which go to
zero for ¢ = + o« can be represented by a series of
powers of e"1%, 2% which converge for ¢ = + co.
We then have

X(8) = Cikye™ 4 Cokoe™ + Cykie™  (2.19)
+ Cokykoelritro 6 1 Cople™ ..
Y (t) =G ke - Gokye™ + Gokie™"
Gk T L GakieT

d%x

. S rit . S rot 2, 2 9
47 = Cikirie™ + Cokyrae™ -+ Cikidrie™™

8E. Picard, Traité d’Analyse, Paris, 1908
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. \2 +ryt o, 2 2r,
4= Cykiky (ry + 13) et T C5k24r§€zr't e,

and a similar expression for y “’(t), where the
coefficients G replace the coefficients C.
The values of these coefficients can be found
by the method of undetermined coefficients, sub-
stituting in X and Y the expressions for y and y
given above.
In this way we obtain

X=uax + by ex*+2fxy + gy* -+
=k, (aCy +- bG,) e + ky (aCy -+ bU,) e™!
-+ K (aCy + Gy, -+ eCE - 2fC,G, -+ gGY) &

bk, [aCy -+ bGy +20C,Cy
+ 2f (C1G, - C,Gy) + 29G,G, ] elratra ¢
+ k3 (aCs 4 bG, -+ eC3

(2.20)

+2fCG, - gG3) &M 4
V= 1%, (bCy + cG,) et + k, (bCy + ¢G,) et
+ kL (bCy + ¢ Gy + fC} + 2¢C,G, + hG3) e2nt
4+ kyky [BCy + €G, + 2fC,Cy
+ 28 (GG, + C,Gy) + 2hG G, ] etratrat

+ k3 (bCs + Gy
+ fC5 + 2¢C.G, + hG3) erst + « -

Equating coefficients for corresponding powers
of e"1% and 2" in the expressions for X and
d?X/dt? and also in the expressions for Y and

d2Y/dy2, we first obtain
C, (r?——a)— bG, =0, (2.21)

—bC, + (r:—c)G,=0.

The first two of these equations give two values

fOI‘ Gl:

2,
" ' b

b U= Ci5— (2.22)

n

Gy = C,

which are equal to each other, since
(r% - a)(r% - ¢) =52 In other words,

345

2

(rl - (I)/b: “1’

and, consequently, G,= Clal' In the same way,
we obtain

G, = Cy,.

from the last pair of the equations (2.21).
Comparison of the coefficients of e2"1¢,

elT1%72)t ¢22t |eads to the following equa-

tions for the determination of C, G;: (2.23)

Cy (4ri —a) — Gyb = eC} + 2fC,G, + ¢G?,
— C3b + Gy (4r1 — ¢) = fCi + 22C,G, + hG?,
Cil(ri+ra)?—al— Gy
= 20C,C;, + 2f (C\G, + C,G)) + 2¢G,Go.
— Cyb 4| (ry + 15)* — ]G,

= 2fC\C, + 2g (C,G, + C,Gy) + 2hG,Gy,

C; (4r; — a) — Gsb = eCh + 2fC,G, + gGs,
—C3b + G (473 —¢) = fCs + 2¢C,G, + hGE.

The convergence of the series thus obtained is
given by the method of Poincare *7. The treat-
ment is also set forth in Picard’s work®.

THE PHENOMENOLOGICAL RELATIONS IN THE
GENERAL CASE

In order to show that the phenomenological
relations follow from the equations
9 (—AS)

d*x -
w = =" = ae 7

&y 0(=AS) ’(2-8 )

even in the general case, we rewrite Egs. (2.19),
keeping terms up to second order in & yand &

s PR \(2.24)

x =en'k,C, (1 + Csken? + 5 Cikser!

+ erth,C, (1 - L Cikent - C, kzerzt),

2

y _— €’1tk101 <1 ‘}“ G:;klerlt + % G;kzerzf) .
+ e k,G, (1 + % G;kle"t + G;kzerzt ),

where
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Gl = Clocl_. G'Z = C20(2,

Since

we can write

(2.26)

x = enthyCy (1 1) + entkyCy (1 + 1),
y=-e"k,Cio (1 4 p) + e"'k,Con, (1 + '.‘.)(;2
x' =e"tk,Ciry (1 + 1) + e"k,Cors (1 + ),
V' =entkCirioy (1 + py) + e'kyCorsa, (1 + 7)),

where A, p, p, 7, A, p, p,, @, contain £, and &,
as factors of first power.

Substituting the values of "1, e"2* from (2.26)
in (2.27) we obtain

X6 =x[ray (1 4+ =) (1 + 1) (2.28)
— ryo (1 +0) (1 + )]
+ylra(+1)1 +p)—r 1L+ ) (T +N)]
V'o=x[rox (1 + =) (1 +g)
— % (1 +9) (1 4 7y)]
+ y[raze (1 +0) (1 + 7)) —rog (14 p) (1 + )],
where
b= 1+ +=)e— (14 p) (1 +0)u. (2.29)

We obtain the phenomenological relation
directly from (2.28), substituting X and Y for x and
y

‘Since
X=xL+yM,

where
L=a-t+ex+fy
N=c+ gx+ hy,

Y'=xM + yN, (2.30)

M=b+fx+ gy,

we get

XA=XN—YM, yA=— XM+ YL; (2.31)

A=IN— M

here
For these values of y and y we can rewrite the
relations (2.28) in the form
X80 = X AN [rie; (1 + =) (1 +2))
—ryog (1+0) (14 p))]
—M[ry(142) (I + p) — 7 (1 4p) (1435}

VL4 () —r (1w (1 1))
— M|ro, (1 4+ %) (1 4 2y) —re (1 49)
14+ =A4X 4 BY:

(2.32)

27)

VA = X {N[roe (1 + =) (1 + o)

— oy (1 4+ 0) (1 4 =]
— Mry (14 1) (1 4 =)

—ryoy (1 +p) (14 6]}
+ Y{L[rya, (1 4+ 1) (1 + =,)

— o (14 p) (14 0]
— M|[roe, (14 =) (1 + 5)

—roos (I +o) (1 + =) =DX+CY.

We now show that for the general case which we
have considered, we have an almost symmetric
tensor Lik’ i.e., that D and B differ only by terms
which contain klerlt, k2e'2'( i.e., by terms which
go to zero as t > + o ) Actually, by keeping in the
expressions for B and D only those terms which do
not contain kl and k2 explicitly, we would have

M=b N=c
and consequently, recalling the values of a,, a,,
B=a(ry—r)—b(rne—ro) =a(r,—r) (2.33)

L=a,

-—[fl(fé—a)—fz(rf—a)]=f1fg(r1—r2)

and
D = ¢ (rioqo, — rya,oy) — b (roee — ryoy). (2.34)
But ca, = alr% - b, ca,= azrg — b, so that

D = ayay (ry —11) 1175-
On the other hand

(ri—a) (r%——a)
X &y = 52
rirs—a(r; + r3) + a |
= 1 __

and consequently

D =ryry(r,—r,) =B, (2.35)

ie., L 12 = L 5, with accuracy to terms which con-
tain &, and £, as first powers which tend to zero
with increasing .

GENERAL PROPERTIES OF THE INTEGRALS OF
THE SYSTEM OF EQUATIONS (2.2)

We consider the system
dx; 9 (—AS)
1{[2 —3 ().\'i — /Y,'

(l - 17 27 R} n)7(22')
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where AS is taken in its most general form. Since
o (— AS) = S‘w“ ZXM,,
we have B
gz (— AS) = X Xix;. (2.36)

i

On the other hand, we get from (2.2”) and (2.36)

dx;
Dk G = g 2= Xixi= g7 (<3,
consequently,
M4 S ae const. (2.37)

2

In irreversible thermodynamic processes
limy/(¢) =0 and lim x; (t) = 0 for £ > + o and,

consequently, in these processes

Yo (X{ + x5+ ... +x)+AS=0. (2.38)

ADDITIONAL REMARKS

We pose the following problem: beginning with
AS, can we obtain a much simpler set of differ-
ential equations whose integrals approach zero at
t = + o and which have n constants of integration,
making it possible to choose arbitrarily the initial
values y (1’, X g, Coe X!? of the independent
variables?

We consider the linear system of nth order

dxildt = — X; = — (gnXx1 -+ LizXs
+-..+ginx11) (i=1;2;.-

(which is a partial case of the phenomenological
relations of Onsager), in which L = 0){01‘
¢

i % kand L, =—1. Setting x, = ae ,
= BC—N- X, = e~ At
system of homogeneous algebraic equations for

X: (2.40)
(gu—2x+ g+ gt +. .. + guv=0;

g%+ (goa— )P+ LasT +... + gav=0,

........................

gmo+ ZnB+ gusy + ... + (gan—1)v=0

(2.39)

o)

, we get a

For non-vanishing solutions of this system we
must choose for X the roots of the algebraic equa-
tion
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gu—XA 2 Sis---Lu
gn La2—X L. .8&,

(2.41)

which we already know.

As we have seen, all n roots of this equation are
real and positive. It is evident from (2.40) that there
corresponds to each root A, a set of solutions
=18, ¥, - . ., v, such that the general
integral of the system (2.39) has the form:

(2.42)

— Anl
+ Cuxpe™ "7,

. + Cane—lnt’

.........................

Xn=CyyeMt 4 Coe=nf ... 4 Cpype 0

Xy = Cie=™f + Compe™t 4. ..

Xy = CiBe ™™ | CoBre™ 4 ..

The values of C

These tend to zero as ¢ » + oo.

¢, C,, , C are determined by the system
X0 = Cyo; + Cyoty + . . . + Crota,
xo = C]Bl + C2Bz + . + Cn@n,
— Clvl + C2V2 + .o + CnVn

If we compare the set of integrals (2.42) with
the set (12) we see that r; =~ v A, and that
both @, B; v, ., v;and G, C C,.

C have ldentlcal values in the two systems
e now assume that

0<hy < hy << hg< oo < I

Since |r;| =+ \/XT we get

O<]r1|<,r2l<, . °<lrn!-

Consequently we can write the integrals of the
system (12) in the form:

C
xi = Cymye? [1 + %f elrs—rdt Lo |

Cany (rp—ry) t] .
+C17l e (i=1, 2,...,n),

1

and the integrals of the system (2.42) in the form
— Cma -
x; =Cyne ’uf[l + Z’fn—: e~ |

P ]
T Cl’h )
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But since r; —r; <0 and - (A; - AV <0 for
i=23,. , 1, thenexp[(rj—r)t] and
exp [ —( )\ -\ )t ] are very small for ¢ > 0 and
approach zer() w1th increasing t. Therefore, the
principle values of the integrals of the first set
are y,(t)=Cn,e’1* and of the second set are

x;(t) = Cym,
both systems almost coincide, but motion of the
particle (xl, Xg -
proceeds with different velocity. In the first case

e~ At , i.e., the integral curves of
» X,, ) along these curves

we have approximately x; = C n,r;e"1?, and in
At

’
the second case X;=~Cm e

3. APPLICATION OF THE GENERAL THEORY
TO SPECIFIC PROBLEMS

The Transfer of Heat from One System to Another

We now show that the Fourier hypothesis, which;
applies to the transfer of heat from one system to
another, follows from our general theory of ir-
reversible thermodynamic processes.

We consider a system consisting of two plates,
i.e., two thin plane round disks, in thermal con-
tact through their bases, and adiabatically isolated
from their surroundings. In this case we shall
neglect any work of thermal expansion. We denote
by m | the mass per unit area of contact, T, the

absolute temperature, c , the specific heat, all of

the first plate; m,, T, c, are the corresponding
quantities for the second plate T, is the overall
temperature of the system after thermal equilibrium
has been established. We have assumed that
these plates were not thick, in order that it would
be possible to consider the temperature at any
moment to be uniform at all points on either of the
two plates.

Let ¢, be the amount of heat per unit area of

contact that the first plate must receive from the
second in order that the system come to thermal
equilibrium (7, = T ), and let Q, be the cor-
responding amount of heat which the second plate
must receive from the first.

Here
Qy = myc, (Ty— Ty) = myc; AT, (3.1)
Qs = mocs (T — To) = myc, AT,
Qi+ Q,=0. (3.2)
Consequently,
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myci Tyt myca Ty = Ty (mycy + mats), (3.3)
myey mse
Q= o (T1—To). (3.4)

Thus at a given moment ¢, we get for the
entropy AS per unit area of thermal contact
(keeping only terms of second order),

— T -
AS=F+F—-2220Q (3.5)
0
__matme &
o mycy moCz Tg )
Here
0 (——AS) . i_ mycy -+ mocCe —
00 T§ mycy MaCy Q=aQu (3.6)
where a > (,
We then have only the one equation
dZQl/dt2 = an (3‘7)

the integral of which is @, = Ce™.
Substituting this value of Q, in Eq. (3.7), and
recalling that a > 0, we get

rz—:-_a’ r1,2=-4_—]/a.

Hereonly —~+/ @ is of importance in physical

problems, since lim @, =0 for ¢ = +. Conse-
quently,

Q, =ceVat
Q=—VaCeVe=—VaQ,

where C = Q({ is the value of Q, at the initial time
¢ =0. Recalling the value of @, from Eq. (3.4) and

the value of @, we get the Fourier formula for the

“heat flow” 01’ :

(3.8)

Q . 1 2mycimacs (
r T, mycy+ mace

Ti—Ty) (3.9)

Up to this point we have assumed that at each
moment the temperature of each of the two plates
is uniform. But even for very small thickness the
temperature of each plate, which is a continuous
function of position along the axis, must have dif-
ferent values on the opposite faces of each plate,
hence different values are obtained for the entropy
when one or the other temperature value is inserted
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in Eq. (3.5). However, this difference is very small,
since the temperature difference between the faces
of the disks is slight. The entropy of each plate

will correspond to a mean temperature which
depends on the thermal conductivity of the plate.
Denoting by T, and T, the extreme temperature for

each plate at a given moment and by T the temper-
ature at thermal equilibrium, we get

AT:[:TI—TO, AT2=T2__TO;

Here we must assume for the average temperature at
time ¢ in each of the two plates

T+ AT, Ty + MAT,,

where A, and A, depend on the thermal conduc-
tivity of the plates and differ very slightly from

unity. We then have (3.10)

Q= m1c1)~1AT1’Q2 = mzcz)\zATZ’Ql + Qe =0,

which gives

} A

Q= atumee, (7, — Ty), (3.11)

Q__y a7, 2= _ a7,

Mma mgCo myCo
miCy + Moc
PATa =0Ty = — Qcnc™ (3.12)
AS = Q Q.
S T, +7\1AT1+ T+ 2AT; -

Limiting ourselves to terms of second order, we
get

_ ?\2AT2 — MATh mycy + mscsy Qf

AS Tg Q=— mycimacs T2 '
0
d(—AS) o (meo+mge) Qn
aQ, 2 myC1MacCy T2 aQ;.

Following the method of calculation given above,
we get, finally,

Ql —_ V 2 (mycy + mscs)

myCymoCs

mychmacsdy Ti— T
mycih + MaCaha To )

HEAT PROPAGATION IN A HOMOGENEOUS ROD

We now consider heat propagation in a cylindrical
rod with density p and specific heat ¢. The lateral
surfaces of the rod are covered with a thermally
insulating jacket. We assume that the tempera-
ture of the rod is a continuous function which has
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derivatives along the axis of the rod, taken as the
abscissa. We take three cross-sections of the
rod, corresponding to x —dx, X, and X + dy, and
designate the area of each of these cross sections
by f. In this way we obtain two adjacent cells of
volume f dy and mass pfdy.

We now turn our attention to the system which
consists of these two cells. We denote by
Q (x — dx ) the heat flow per unit area into the
system from the side at ¥ ~dy and by Q ( ¥
+ dx ) the flow of heat entering from the side at
x+dx.

Let dS be the increase in entropy per unit mass
of the system of the two cells in the time interval
dt. The entropy increase ((1)f the system per unit

time will then be 2pfd x = We denote by du
t

the increase of internal energy of the system per
unit mass in the time interval dt. The internal
energy increase per unit time will then be

2efdx G = £[Q (x —dx) — G (x + dx)]
=—2fdx%g.

Thus, neglecting the work of thermal expansion,
we have

ds _ dQ
Toqr =—"dx
o (3.13)
das _ 1.dQ _ d@QIT)  Q dT (x)
G T T T dx T T dx T dx
On the other hand,
(3.14)

T(x +dx)— T (x —dx) =255 dx.

But this quantity is, from Eq. (3.4), proportional
to the quantity of heat Q in an adiabatic process.
Setting

dT |dx = pQ, (3.15)

where p is a proportionality constant, we get from

Eq. (3.13)

aS _ d(Q/T TR
=T o e

(3.16)

The increase of entropy can be divided into two
parts ( superposition principle): the first, the
divergence of the entropy
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[-esgn,

and second, the quantity

As = —-£QQ

or entropy flow which, by Eq. (3.5), corresponds to
the entropy

(3.17)

which appears in the irreversible adiabatic process
considered in the previous section. As a con-
sequence we can write

a*Q/det = bQ,

which leads to the relation

b>0,  (3.18)

Q=—VbQ=—V1/bdT /dx, (3.19)

which appears in the formula for heat flow in
Fourier’s theory.

Similar results obtained by Prigogine with the
help of direct application of the phenomenological
relations of Onsager are reproduced in de Groot’s
work 5. In this case the coefficients L,  as we
have shown, must satisfy ceitain conditions in
order that lim Q =0 for ¢ = + c.

APPLICATION TO THE THEORY OF PHASES

Let a liquid (I) and its vapor (II) at temperatures
T, and T, be contained in a given closed reservoir
with heat proof walls. Let M, V, U be, respectively,
the total mass, volume and energy of this system,
M;(i=1,2) the masses of the components, p,
the pressure and v;, 4;, s; the volume, energy and
entropy per unit mass, so that

M+ M, =M, My, + Myv, =V,

Myu, + Men, = U, (3.20)
S = M1S1 + M282.

Taking the mass M, the energy u, and the volume
v, as the independent variables that define the
state of the components, we find that Egs. (3.20)
define M, vy, u,as functions of M. v, u,. In-

asmuch as S, Ti appear as functions of u;, v, they
12

KIRIL POPOV

are also functions of Ml' vy Uy . Therefore the

total entropy S of the system is also a function of
these three vanables

Denoting by M? 't vl, uy 0 the values of the variables
My vyug for the eqmllbrmm state, we have, lim-
1t1ng ourselves to terms of the first and second
order,

AS = S(vy, 11y M) — S(v uh M)
= (oo + (o + (Gl

PA[(29) 02 (25
+ 2 [(61}%)00 +2 0v0u, ovu

oS ﬂ) 2
+2 (o ), "””Jr(aug ,
028 02S
+ 2 (gugar) wm + ( amf)mz]’
where
"(}1—‘(};{:‘0, ul—_u‘]).::u’ .MI_M]%:

Since the derivatives are taken at "(1)' ug. Mo,
which correspond to the maximum of the entropy S,

(3, = (er), = Gar), =0 @20

oM,/
and, consequently,

azs) 52

as=z[(55 P

i'Q(afaou ) vl +2<m;a¢25141) om

(G, + 2 (asm), o+ (), m)-

To calculate the second derivatives of S, we make
use of the formula for the second total differential:

&2S=33 4y 2+2———dfvd +2
+ 5 dut + 255 qugm

dfvdm

The differential equations ot the process under
consideration have the form
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(3.22)

() o (52— (S
= 002 /, v 0101y /o 0110M; Jo m,

_ (,__‘?_2:?_‘ 0 — <
0u,07, )0

(stroac o — (i o= (o
— \0#0v; Jo ¥ T \oM9u; ), M2 o

The interesting integrals of this system depend
on the negative root of the algebraic equation

028 __rz__( 02§ ) _( 0:S )
)0 \ 00101, /o 0v,0M; /o

028
duf

_(_ﬂ__ m
0 u 0u0Myjo

d*v
dt?
d*u
de?
a‘m
de?

ot
S __(623) __rz__(___t?_"_s__)
\ 0u;07 )0 auﬁ o 0u;,0M; Jo =0.

R S
oM0v; Jo 0M0u;y/ 0 \OM% 0

Since (- AS) is a positive definite quadratic
form, three of the roots of this equation are nega-
tive and the other three are positive. The results
which are obtained are of physical interest only if
both masses are positive for the case of thermal
equilibrium.

To determine the values of the independent vari-
ables which apply to the case of stable equilibrium,
we follow the Gibbs method as it is stated in the
thermodynamics text of Planck °.

From Eq. (3.20) we get

dM, = —dM,, (3.24)
Modvy = — Mydv, — (v, — v,) AM,,
Mydu, = — Mydu, — (u, — u,) dM,
dS = M,ds, + Mydss + s,dM; + s:dM,  (3.25)
=M, ST PE Dt P (s dM,

=M, (—Ti; —712“) du, + M, (%—%) dv,

+ [31 . +sz S _7’2)] am,.

Thus Eqgs. (3.4), which determine the state of
thermodynamic equilibrium, and which in our case,
have the form

IM. Planck, Thermodynamics, 1930
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S 1 1
a =M (- — ) =0 596
9 _m (ﬁl__l’_z>_0 (329
duy ~ TI\T T.) 7
oS (11— us) +pa(tn—v2) ] _
i, = 51— se— T J=0

lead to Gibb’s conditions

T1=T2=To> p1=p2=p0' (3-27)

Choosing M, v,, u, as independent variables,
we have

Tl = f1 (ul, ‘Ul)- T2 = f2 (uzv ‘Uz) = f (ul’ U1 Ml)’
S = ‘Pl (up ’01), So = ‘Pz (um ’vz) = d.) (ul’ U1 Ml)’
pr=01(t ) Py =03 (s V) =0ty V1> My)-

Substituting these values of Tl' T2, S1» 890 Py
P, in Eqgs. (3.26), we get from them vg, u(l’, M ‘1),
which define the state of thermodynamic equilibrium.
We note here that Eqgs. (3.26) contain s and u in
the form s, — s, and u, - u,.

Following Planck, we can give another form to

the last of Egs. (3.26). Since the difference (s,
— s,) depends, in thermodynamic equilibrium, only
on state | and state II and not on the path from I to
II, we can find this difference in the transition from
I to II along the isotherm To. But, since s, and s,
pertain to a unit mass of one and the same material
at the temperature T, we have

)

81—82 = X ds
@
6)) (§))
1 — 1
= 7 § @+ pav) =422 1 L iy,

(2 2)

Now, assuming T', = 1', we find, from Eq.
(3.26)

o

1 p2 (01— 03) =0,
7\ Pl = =0

(2)
1)
S pav = p, (v, —vy).
(2)

It now remains to find, with the help of d2S, the

second derivatives which enter into Eq. (3.22) and
which pertain to the equilibrium state, introducing
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only such quantities which can be obtained by lab-

oT (u, ) _
oratory measurement. 50
Recalling Eqgs. (3.26) we get, from (3.25),
0T (u, v) Ou(v, T) 1 du(v, T)
d2S = ﬂ':_;_ (—dT, +dT,)du, (3.28) ou ov T, dv ¢
0 y From the first law of thermodynamics
+ 2P (4T, +dT,) do
7 ! 2) 4oy dg=du(v, T)+ p(v, T)do=2LD 47
Ou (v, n
+ MT:—(dpl-—dpg)dvl +[ + p (v, T)]dfa—cvdT+ad'v,
+ [dsl —ds, — duy — du, -{—;J‘O (dvy — dv,) so that
[}

ou(v, T)/0v=a—p,

_(n —Wz)dpz_i_ U1 — Us) + Po (V1 — p) de]dMl

Ty T2 and therefore
M,
=7 (—dTi+dT)dy TE@D (@~ p)

M""‘ Mibs (g7, + dT,) do, +21 U (dps—dps)dv, W finally obtain

0

__0T(u, v)
dl = —3-—du

oT (u, v) . a—p 1
The quantities u, v, u,, v, and M, which ap- + dv=— y dv + Cy au.

pear here, relate to the equilibrium state. The dif- C

ferentials dT dT,, du,, dv,, dp, dp jmust be taken onsequently,

as functions of du,l, dv and dM = dm. For this 4 — po 1
purpose we first use aT, = — . dv, + —duy,

vl Cot
Mzd‘vg = — Mld‘vl —_ (‘Ul — 'vz) dm,

1
a—7p -
dT, = — 20" tdv, + = du,
2 v2
M2=M'—“M1.
az — Po Ml du, — 1 _Af_ldul
4

But, inasmuch as we chose M, u,, v, as the in-
dependent variables, then T = I'(u, v); conversely,
u=u (v, T).as a function of v and T satisfy the + [(as — po) (v, — v,) — (1, — 1))
identity relation

22 Coa
am
coaMa

We now express dp as a function of du, dv.
We have

T=Tlu(v, T) v].

From this identity we get, by differentiating with
respect to T, ap(u, v)=

From the First Law we get

ap(u fo)d +6p(u v) dv.

0T (u, v) du(v, T) =1,

ou oT dg =du(p, T) +pdv(p, T)
9T (u, v) __ 1 1
0w ou(v, N/OT ¢’ [ﬁu_gg,_T_)J, p uvlp, T)]dp
dp

du(p, T) +p dv(p, T)
oT oT

and by differentiating with respect to v,
[ ]dT:kdp+cpdT.
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On the other hand, assuming u, v in the expres-
sion for p as functions of p and ¢, we get the
identity
[u(p, T),

p=p v)=p v(p, T)

and differentiating with respect to p and T, we

find

op (1, v) azl(p, T) . op (u v) 0v(p, T)
ou + op

T) +6p(u v) dv(z,fT) —0.

=1,

op (u, v) au(p,
ou

Recalling the expressions for k and ¢ intro-
duced above and assuming

0v(p, T) dv(p, T)
A=k or P op
we obtain
Op(u, v) _ __ oulp, T _ dv (p,
A ov oT —Cptp ‘U(p )’
A op(u, v) _ odv(p, T)
du - oT

and, consequently,

dp 0p(:u‘v)d +6p(u 9 do

__du(p, T)/oT ¢p—plov(p, T')0T]
=" ——du — x dv

We then have

,ny/oT
dpl == lMKL}l dul

c, —plév(p, T)/OT]]
— [ Id < ]dvl,

N :[01}(}7, )/6 ]2 lul
—plov(p, T)/01T l
I M;[Cp [ ( ) ] l X

1 du(p, T
*Em{m_%+%(‘%ﬂl%ik

— Cp, (v1— 'Uz)J dm,

where the expressions in square brackets pertain to
phase [ and II in thermodynamic equilibrium.

From dg = du + pdv we get the following ex-
pression for the quantity of heat necessary to
vaporize a unit mass at the temperature T0 and
pressure p .

q1— G2 = (1 — 1) + py (v, — Vy).

Making use of this expression and those for dT
and dp obtained earlier, we get from (3.28), after
some simplification

ar*S = Adu? + QBduldzll‘

+ 2Cdu,dm + Ddv? + 2Edv dm + Fdm?,

where the coefficients 4; B, , F are
identical with the second derivatives which enter
into the set of equations (3.20).

In this fashion we get the system of differential
equations

d*m |dt* = — Cu— Ev— Fm,
d*u/dt* = — Au— By —Cm,
d*v|dt* = — Bu— Dv— Em,

(3.22'

which describe the time development of the process.
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Translated by R. T. Beyer
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